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Introduction

Theory of operator-differential equations in abstract spaces that takes its
origin in the papers of K. Yosida, E. Hille and R. Fillips, T. Kato and others,
appeared as application of the methods of functional analysis in the theory of
partial differential equations.

Interest to this problem is stipulated by the fact that it allows to investigate
both systems of ordinary differential equations, integro-differential equations,
quasidifferential equations and others from a unique point of view. It should
be noted that the questions on solvability of operator-differential equations
and boundary value problems for them are of independent scientific interest.
Some significant results of the theory of operator- differential equation are
cited in the books of S.G. Krein, A.A. Dezin, J.L. Lions and E. Majenes, V.I.
Gorbachuk and M.L. Gorbachuk, S.A. Yakubov and others.

Interest to the investigations of solvability of the Cauchy problem and
boundary value problems for operator-differential equations and also the in-
creased amount of papers devoted to this theme proceed from the fact that
these questions are closely mixed up with the problems of spectral theory of
not selfadjoint operators and operator pencils that at the present time are one
of developing sections of functional analysis. The beginning of devolepment of
these theories is the known paper of the academician M.V. Keldysh. In this
paper M.V. Keldysh introduced the notion of multiple completeness of eigen
and adjoint vectors for a wide class of operator bundless, and also showed how
the notion of n-fold completeness of eigen and adjoint vectors of operator pen-
cil is associated with appropriate Cauchy problem. After this, there appears
a great deal of papers in which significant theorems on multiple completeness,
on busicity of a system of eigen and adjoint vectors and on multiple expansion
in this system were obtained for different classes of operator bundless. Many
problems of mechanics and mathematical physics are related to investigations
of completeness of some part of eigen and adjoint vectors of operator pen-
cils. A great deal of papers was devoted to these problems. There are some

methods for solving these problems and one of them is the consideration of
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appropriate boundary value problems on semi-axis, that arises while investi-
gating completeness of eigen and adjoint vectors responding to eigen values
from the left half-plane. This method was suggested by academican M.G.
Gasymov. He showed relation of completeness of a part of eigen and adjoint
vectors and solvability a boundary value problem on a semi-axis with some
analytic properties of a resolvent of an operator pencil, that was developed in
the S.S. Mirzoevs paper.

The suggested book is devoted to similar questions of solvability of operator-
differential equations of higher order and boundary value problems for them, to
investigation of spectral properties of appropriate operator pencils. A theorem
of Phragmen-Lindeloff type in some vector is proved. The principal part of

the investigated operator-differential equations have multiple characteristics.
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Chapter 1

Many problems of mechanics and mathematical physics are connected
with the investigation of solvability of operator differential equations. As an
example, we can show the following papers.

As is known, stress-strain state of a plate may be separated into internal
and external layers [1-4]. Construction of a boundary layer is related with
sequential solution of plane problems of elasticity theory in a semi-strip. In
Papkovich’s paper [5] and in others a boundary value problem of elasticity
theory in a semi-strip = > 0,|y| < 1 is reduced to the definition of Airy

biharmonic functions that is found in the form

u = Z Crior(y)e ™+,
Im o >0
where @y are Papkovich functions [5-6], o are corresponding values of a self-
adjoint boundary value problem, C} are unknown coefficients. In this connec-
tion in [6] there is a problem on representation of a pair of functions f; and f,

in the form
> CiPepr = f1, > CrQuepr = fo, (1)
k=1 k=1

where Py, (), are differential operators defined by boundary conditions for
x = 0. In the paper [7,8] some sufficient conditions of convergence of expansion
(1) is given for the cases when the coefficients C are obviously defined with
the help of generalized orthogonality.

In [9] the coefficients C} are uniquely defined by the boundary values of a bi-
harmonic function and its derivatives. The trace problem for a two-dimensional
domain with piecewise smooth boundary was studied in the paper [10]. The
paper [11] deals with differential properties of solutions of general elliptic equa-
tions in the domains with canonical and corner points. Some new results for
a biharmonic equation are in [12]. Investigation of behaviour of solution of
problems of elasticity theory in the vicinity of singular points of the boundary
is in the papers [13-14]. M.B. Orazov [15] and S.S. Mirzoyev [16] studied the

problem when a principal part of the equation is of the form: (—1)’””’5;; + A%
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where A is a self-adjoint operator pencil and it has a multiple characteristics,

that differs it from above-mentioned papers.



On the existence of solution of boundary value problems 9

§ 1.1. On generalized solution of a class of

higher order operator—differential equations

In this section the sufficient conditions on the existence and uniqueness
of generalized solution on the axis are obtained for higher order operator -

differential equations the main part of which has the multi characteristic.

1.1. Some definition and auxiliary facts

Let H be a separable Hilbert space, A be a positive — definite self-adjoint
operator in H with domain of definition D (A). Denote by H. a scale of Hilbert
spaces generated by the operator A, ie. H, = D(AY), (y>0), (z,y), =
(AVz, A"y), z,y € D (A7).

We denote by Ly ((a,b); H,) (—oo<a<b<+4o00) a Hilbert space of
vector-functions f (¢) determined in (a, b) almost everywhere with values from

H measurable, square integrable in the Bochner’s sense

1/2

b
2
1l o = / 112 dt

Assume
Ly ((—00,4+00); H) =Ly (R; H) .
Further, we define a Hilbert space for natural m > 1 [17].
W3 ((a;0); H) = {u|u™ € Ly ((a;0); H), A™u € Ly ((a,b) ; Hy) }
with norm

2 R 1/2
||u||W2m((a,b);H) = <Hu( )HLQ((a,b);H) + |4 u||L2((a7b);H)> )

Here and in sequel the derivatives are understood in the sense of distribu-

tions theory [17]. Here we assume

W3t ((—o0, +o00); H) = W3 (R; H) .
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We denote by D (R; H)a set of infinitely-differentiable functions with values
in H.

In the space H we consider the operator — differential equation

P <%) u(t) = (—5—; + A?)mu (t) +§Aju<2m—j> (t)=f(t),t € R=(—00,+00),
(2)

where f () and u (t) are vector-valued functions from H, and the coefficients
A and A; (j = m) satisfy the following conditions:

1) A is a positive-definite self-adjoint operator in H ;

2) the operators A; (j = 0,2m) are linear in H.

In the paper we’ll give definition of generalized solution of equation (1) and
prove a theorem on the existence and uniqueness of generalized solution (1).
Notice that another definition of generalized solution of operator - differential
equations and their existence is given in the book [18], in the paper when
m = 2 on the semi-axis R, = (0, +00) was studied by the author [19].

First of all we consider some facts that we’ll need in future. Denote

) (%) w(t) = <—5—;+A2)mu(t), w(t) € D (R: H)

and

P (%) u(t) = ;Aju@mj) (t), wu(t)eD(R;H).

Now let’s formulate a lemma that shows the conditions on operator coeffi-
cients (1) under which the solution of the equation from the class Wj" (R; H)
has sense.

Lemma 1.1. Let conditions 1) and 2) be fulfilled, moreover , B; = A;x
xA7  (j=0,m) and D; = A" A;A™ (j =m+1,2m) be bounded in
H. Then a bilinear functional L (u,v¢) = (P (d/dt)u, ), g determined
for all vector-functions w € D(R;H) and ¢ € D (R; H) continuous on the
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space Wi (R; H) @ W™ (R; H) that acts in the following way

2m
L (u, 1) = (P (d/dt) u>w>L2(R;H) = Z (AJ'“@mij)v w)Lg(R;H) -
=0
2m ) 2m .
=2 O™ (A )t D (AP
j=0 J=m+l1

Proof. Let w € D(R; H), ¢ € D (R; H). Then integrating by parts we get

2m
L (u, ) = (Py (dfdt) w, ),y = D (A" 0) oy =
=0
_ Z (—1)™ (Aju(mfj)’wm)LQ(R;H) + Z (Aju(2mfj)7w(m))L2(R;H) . (3)
j=0 Jj=m+l

On the other hand , for j = 0,m we apply the intermediate derivatives

theorem [17] and get

) (Aju(m—j)’ ¢(m))L2(R;H) ‘ = ‘ (BjAju(m_j)a 1/)m) Lo(R;H) ‘ =

< 1B A, 16 e < s 1030 Tl 1y -
(4)
And for j = m + 1, 2m we again use the theorem on intermediate deriva-

tives [17] and get

‘ (Aju@m*j)’ wm)Lg (RoAT) ) = ‘DJ (Amij'u@mij)’ Amw) Lo2(R;H) ) S

< ||D]|| HAm—ju(Qm—j)HL2(R;H) ' ||Amw||L2(R,H) <

< Com | D51l - Nellwgn oy 10Nl wye iy - ()

Since the set D (R; H) in dense in the space W3" (R; H), allowing for in-
equality (4) and (5) in (3) we get that the inequality

|Z (u,¥)|| < const Hu|’W2’”(R;H) : ||wHW2M(R;H)
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is true for all u,p € WJ" (R; H), i.e. L (u,1) continues by continuity up to a
bilinear functional acting on the spaces WJ" (R; H) & W3 (R; H). We denote
this functional by L (u, ) as well. The lemma is proved.

Definition 1.1. The vector function u (t) € W3" (R; H) is said to be a gener-
alized solution of (1) if for any vector-function 1 (t) € Wi (R; H) it holds the
identity

2m—1

(s W)y + D Co (A" u®, A0 = (F) ey - (6)
k=1

2m(2m—1)...2m—k+1
where Ck == 2m2m )k,(m )

To find the solvability conditions of equation (2) we prove the following
Lemma by using the method of the paper [16].
Lemma 1.2. For any u (t) € W3* (R; H) there hold the following estimates

HAm‘ju(j)HLQ(R;H) < dp? Helllwge irry + (4 =0,m) @)

where

2m—1 1/2
|||u|||W2m(R;H) = (HUH%/[@’”(R;H,”) + Z Cgm }HAmku(k)}H;(R;H)) )
k=1

and the numbers from inequalities (7) are determined as follows

dmﬂ.:{ (2)7 - () j=Tm 1
L, J=0m

Proof. Obviously, the norm |||ul] |W2m(R;H) is equivalent to the norm [|ul|yym g, -
Then it follows from the intermediate derivatives theorem that the final num-

bers

R m—j, (J) . 1 ;—
b] - O;éueiS/IZ’I'?(R'H) HA u HLQ(R;H) ||u||W2m(R,H) , J = 07m~

Show that b; = dm'? j=0,m. Then u(t) € D(R; H).

m,J

For all g € [0, b;2), where

_ dm/2

b; = sup & (52 + 1)7m/2 g

£eER
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we use the Plancherel theorem and get

2m
i N2 m—
Hetlllworry = B 1A 0N, ey = O O A" ()7, oy —
k=0

—B)| A" (O], oy = Z (A™Reka (€), AR () Ly ) —

_3 (Am—jgjﬂ (€), A" I¢q (£>)L2(R§H) B

+oo

= [ (€ + A" = BHAT I a(€).0(O) i b6 O

—00

where @ (€) is a Fourier transformation of the vector-function u (¢). Since for

g€ |0, b;2) it follows from the spectral expansion of the operator A that

—+00

(2B + A" — pePA>m=D) g, ) = / (& + )™ — ¥ M=) (dE,x,z) =
= [ 52] x,T [ — 3b? 2 2 x,T
—/(1 St ))(5+u)<dEu,>zu/(1 B52) (€2 + ?) (dB,a, ),

then equality (7) yields

|||u|||%/[/2m(R;H) > p HAm_ju(j)Hiz(R;H) ’ ©)

for all g € [0, bj_2 and u(t) € D(R; H). Passing to the limit as § — bj_2 we get

> d—m/2 HAm ]

9 2
|||u|||W2m(RH HLQ(R;H)'

Hence it follows

1A D ey < A Wl [y » (G =0,m) (10)
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Show that inequalities (10) are exact. To this end, for the given € > 0 we
show the existence of the vector-function u. (t) € Wi* (R; H) , such that

2 —m i (i)112
E (uz) = [[[ulllg oy — (daly + &) [ A" U oy <0 (11)

We'll look for u, (t) in the form u. (t) = g- (t) p- (t) , where g. (¢) is a scalar
function from the space W3* (R) and . € Hy,y,, where ||¢.|| = 1. Using the

Plancherel theorem, we write F (u.) in the equivalent form

+oo
E(u.) = / (B +A%)™ — (d,7 + ) €9A4P™4) 0., 0.) [ge (€] de.
Note that @ (£) and g. (§) are the Fourier transformations of the vector-
functions u (t) and g. (), respectively.
Notice that if A has even if one even value p, then for ¢. we can choose

appropriate eigen-vector . = ¢ (||¢|| = 1). Indeed, then at the point & =
(i/m)"* -

(GE+ A" = (d,7 +e) &A™ ) oo 0.) = (§ +p°)" —

2j —9j
£OJM2m 27

(&2 +p2)™

If the operator A has no eigen-value, for p € o (A) and for any § > 0 we

—(doy ) &P = (&5 p?)™ |1 = (4 + ) <0. (12)

can construct a vector ps, ||@s|| = 1, such that

Aps = pmps +0(1,6), § -0, m=1,2,..

In this case, and for & = (j/m)1/2u

(B +A4%)" = (d,] +2) &A™ ) s, 05) =

= ((53 + u2) — (d;ﬂ + 8) §2ju2m_2j) +0(1,9).
Thus, for small 6 > 0 it holds inequality (12). Consequently, for any £ > 0
there will be found a vector . (||¢:|| = 1), for which

((CE+ A" = (d, +e) &A™ ) ¢, ) <0 (13)
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Now for & = &, we construct g. (¢). Since the left hand side of inequality
(13) is a continuous function from the argument ¢, it is true at some vicinity of
the point . Assume that inequality (13) holds in the vicinity (7y,72). Then
we construct g (§)-infinitely-differentiable function of argument ¢ with support

in (11,72) and denote it by

2
1 ,
() = — [ §(&)e*tde.
o () = —= [ 3(6)eas
m
It follows from the Paley-Wiener theorem that g. (t) € W3 (R) and obvi-

ously
E(ue) = E(ge, p2) =

2
(@B )" = (a4 50 )l (O b <,

m

i.e. inequalities (10) are exact. The lemma is proved.

1.2. The basic result

Now let’s prove the main theorem.
Theorem 2.1. Let A be a positive-definite self-adjoint operator in H, the
operators B; = A; - A7 (j =0,m) and D; = A" A;A™ (j =m+1,2m)
be bounded in H and it hold the inequality

VZmeZﬁ%me (14)

j=m+1
where the numbers d,, ; are determined from lemma 1.2.

Then equation (2) has a unique generalized solution and the inequality

Hu‘|W2’”(R;H) < const ||fHL2(R;H)

holds.
Proof. Show that for v < 1 for all vector-functions b € WJ" (R; H) it holds
the inequality

(P (d/dt)¢a¢)L2(R;H) =
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2m

_ 2 k m—k_; (k)||? 2
- HwHW?(R;H) T ZCM HA w( )HLz(R;H) + L) 2C HwHWQ’”(R;H) ’

k=1
where C' > 0 is a constant number.

Obviously,

(P (@) 0, 6) 1y e | = N gy — 12 (6,90 (15)

Since

m 2m
|L (1, 9)| < Z ‘(Ajw(mfj)’w(m))LQ(R;H)‘ + Z ‘(Ajw@mij)’w)Lg(R;H) 7

7=0 j=m+1

then we use lemma 1.2 and get

1L (¢, ¥)] < <ZIIB | dn’? + Z I1D; Hdﬁ/fm_j> 1l ey =

Jj=m+1

= [l llwgr r.m)- (16)

Allowing for inequality (16) in (15) , we get

(P (d/dt) ¥, 9) 1y mary| = (L= 1) N0l ey - (17)

Further, we consider the problem

By (dfdt)u(t) = f (1),

where f(t) € Lo(R; H). It is easy to see that the vector - function

o (1) = 21 70(5 ok / £ (5) e~ 2= dsde (18)

— 00

belongs to the space WJ" (R; H) and satisfies the condition

(anw) = (f;¢) :
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Now we’ll look for the generalized solution of equation (1) in the form
u = ug + &, where {; € WJ" (R; H). Putting this expression into equality (5),

we get

(P(d/dt) w, ), pmry = —L (w0, ¥), ¢ € W™ (R, H) . (19)

The right hand-side is a continuous functional in W3* (R; H), the left hand-
side satisfies Lax-Milgram [20] theorem’s conditions by inequality (17). There-
fore, there exists a unique vector - function u (t) € Wa" (R; H) satisfying equal-
ity (19). On the other hand , for ¢ = u it follows from inequality (17) that

2 2
(P (d/dt)u7u)L2(R;H)) = ’(fa u)Lg(R;H)) >C |||u|||W2m(R;H) =>C ||u||W2m(R;H)’

then hence it follows

Hu‘|W2’”(R;H) < const HfHLz(R;H) :

The theorem is proved.
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§ 1.2. On the existence of solutions of bound-
ary value problems for a class of higher order

operator-differential equations

In this section we give the sufficient conditions on the existence and unique-
ness of generalized solutions of boundary value problems of one class of higher
order operator-differential equations at which the equation describes the pro-
cess of corrosive fracture of metals in aggressive media and the principal part

of the equation has a multiple characteristic.

2.1. Problem statement

Let H be a separable Hilbert space, A be a positive definite self-adjoint
operator in H with domain of definition D(A). By H, we denote a scale of
Hilbert spaces generated by the operator A, ie. H, = D(AY), (y > 0),
(x,y)y = = (A2, Ay),x,y € D(AY). By Lo ((a,b); H) (—00 < a <b < o0)
we denote a Hilbert space of vector-functions f(t), determined in (a, b) almost
everywhere with values in H, measurable, square integrable in Bochner sense

1/2

b
2
e = | [ 1712

Then we determine a Hilbert space for natural m > 1 [17]
W3 ((a,b); H) = {u/u™ € Ly ((a,b); H), A™u € Ly ((a,b); Hy)}
with norm

a2 o 1/2
||u||W2m((a,b);H) - <H“( )HL2((U«,b);H) +A uHLz((a,b);H)> )

Here and in sequel, derivatives are understood in the distributions theory

sense [17]. Assume

Ly ((0,00); H) = Ly(R; H), Ly ((—00,00); H) = Ly(R; H),

W3 ((0,00); H) = Wy" (Ry; H) , Wy (=00, +00); H) = W5" (R; H) .
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Then we determine the spaces

W3 (R Hy {v}iy) = {ulu € W3 (Ry; H) ,u™(0) =0, v =0,m — 1} .

Obviously, by the trace theorem [17] the space W3" (Ry; H; {v}]')) is a
closed subspace of the Hilbert space W3 (R, ; H) .

Let’s define a space of D ([a, b]; H,)-times infinitely differentiable functions
for a <t < b with values in H, having a compact support in [a, b]. As is known
a linear set D ([a, b]; H,) is everywhere dense in the space WJ" ((a,b); H), [17].

It follows from the trace theorem that the space
D (Ry; Hp; {v}))) = {ulu € D (Ry; Hy) u(0) =0, v=0,m — 1}

and also everywhere is dense in the space.

In the Hilbert space H we consider the boundary value problem

d2
(—ﬁJrAQ) —i—ZAu(mJ )=0, t€ R, = (0,+00), (20)

u(0) =, v=0,m—1, ¢, € Hyy1yo. (21)

Here we assume that the following conditions are fulfilled:
1) A is a positive-definite self-adjoint operator with completely continuous
inverse C' = A7 € o;

2) The operators

Bj = AT PAATIR (j =2k, k=T1m)
and
Bj = AU VPAA G2 (j=2k—1, k=T,m—1);

3) The operators (B + E,,,) are bounded in H.
Equation (20) descries a process of corrosion fracture in aggressive media

that was studied in the paper [21].
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2.2. Some definition and auxiliary facts

Denote
P (%) ut) = (—j—; + A?)mu@), ult) € D(Ry Hy),  (22)
Pl( ) zmg m=0(1), wu(t) € D (Ry; Hy), (23)

Lemma 2.1. Let A be a positive-definite self-adjoint operator, the opera-
tors Bj = A*j/zAjA*j/2 (j =2k, k= 1,m) and B; = A*(jfl)/2AjA*(j*1)/2
(j =2k—1,k=1,m— 1) be bounded in H. Then a bilinear functional

Pi(u, ¢) = (Pld/dt)u, §) g, .y

determined for all vector-functionsu € D (Ry; Hy,) and ) € D (Ry; Hyy; {v}2)
continues by continuity on the space WJ" (Ry; H) @ W (R+; H,,; {I/}T:_Ol) up

to bilinear functional Py(u,v) acting in the following way

Py(u, ) = Z (—1)™9/% (Agulm=a/2) tm=a/2)) -y

2
(j=2k)

1)/2 —1)/2 m—(j—1)/2
£ST (C)mUR (AmeG) gmG12))
j=(2k-1)

- (24)
Here in the first term, the summation is taken over even j, in the second
term over odd j.
Proof. Let u € D(Ry; H,,), ¢ € D (Ry; Hu; {v}2)) . After integration

by parts we have

Piu, )1, = (Pi(d/dtu, ), =3 (A 0) =
7=0
— Z (=137 ( Aju(m—j/2>,¢<m—j/2>)L2 +
(j=2k)

b 30 (1) (A7) mG-1)/2))

j=(2k—1)

Lo’
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Since

Pi(u, ) = Z (—1)™9/2 (B AP/ 2um=i12) | A3/ m=3/2))

Lo
(7=2k)

+ Z —(+1)/2 (B A um=G=D/2) 4 (J'*l)/2w(m*(j*1)/2))
j=(2k—1)

Ly’

from belongless of u € D (Ry; H,,) and ¢ € D (Ry; Hyy; {v}'2)") by interme-

diate derivatives theorem [17] it follows that

P, @)l < D (|Byl| || A7l
(j=2k)

I, [[A720 2], +

+ D B[R u I AGTD Ry
j=(2k-1)

< const ||u||W2m(R+;H) ||77Z)||W2’"(R+;H) )

i.e. Pi(u, ) is continuous in the space D(Ry; H,,)®D (Ry; Hy; {v}2)') there-
fore it continues by continuity on the space W3 (Ry; H)®W3" (Ry; H; {v}])) -

The lemma is proved.

Definition 2.1. The vector-function u(t) € Wa*(Ry; H) is said to be a gener-
alized solution of (20), (21), if

hmHu —cp,,HH =0, v=0m-—1

t—0 m—v—1/2

and for any ¥(t) € W3 (Ry; H; {v}]5)') it is fulfilled the identity

m—1
(1, 6) = (1, D)yt + 3 OO (APulmD), Agmpy Py, 40) = 0,

p=1

where
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First of all we consider the problem

d d’ "
Pl = — [ = 4 AZ = =
) (dt) u(t) ( o5+ ) u(t) =0, t€ R, = (0,+00), (25)
u(0) =, v=0,m— 1. (26)
It holds

Theorem 2.1. For any collection ¢, € Hy,—y—1/9 (u = m) problem (25),
(26) has a unique generalized solution.

Proof. Let ¢y, ¢1, ..., o1 € Hypoyo1/2 (1/ = W) , e~ be a holomor-
phic semi-group of bounded operators generated by the operator (—A). Then

the vector-function
tmfl

t
_ —tA _ v Am—1
uo(t) = e (co+ 1!A01+...+ (m = 1)!A Cm—1)

belongs to the space WJ"(R,; H). Really, using spectral expansion of the

operator A we see that each term
tm—y
A" Ve e WINR, H) for ¢, € Hyy v=0,m—1).
(m — ) 2" (Ry; H) 2 ( )
Then it is easily verified that ug(t) is a generalized solution of equation

(25), i.e. it satisfies the relation

m—1
(wo, Py + > Ch (A" ufp), 4 r0) = 0
p=1

for any o € W (Ry; H; {v})=') .

Show that u*)(0) = ¢,, v = 0,m — 1.For this purpose we must determine
the vectors ¢, (v =0,m—1) from condition (26). Obviously, in order to
determine the vectors ¢, (v =0,m — 1) from condition (26) we get a system

of equations with respect to the vectors

E 0
K E
E K
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Co %Yo
C1 A_1§01
X Co = A72g02 , (27)
Cm—1 A_(m_l)@mfl
p

where F is a unique operator in H and = CP _,. Since the prin-

m—s
cipal determinant of the operator is invertible, we can uniquely determine
Cy (u =0,m— 1). Obviously, for any v the vector A~(m )y, € Hy 19,
since ¢, € Hp,——1/2. As the vector at the right hand side of the equation (27)

belongs to the space

ﬁm71/2 D...0D Hmfl/% = (Hm71/2)m )

-

m times

then taking into account the fact that the principal operator matrix E as a
product of the invertible scalar matrix by matrix where Eisa unique matrix
in (Hm,l /g)m, then it is unique. Therefore, each vector ¢, (1/ = m) is
a linear combination of elements A~(™ ¢, € H,, 4 /2, that is why the vector
Cy (1/ = W) is determined uniquely and belongs to the space H,,_y/s.
The theorem is proved.

In the space W3 (R+; H;{v T:_ol) we define a new norm

m—1 1/2
2 m— 2
H‘u|||W2m(R+;H) = <||u||W2m(R+;H) + Z & HA pu(p)}|L2(R+;H)> :

p=1
By the intermediate derivatives theorem [17] the norms || |u|||W2m( Ry and
HuHW?( R..r) are equivalent in the space W3" (Ry; H; {v}=') . Therefore, the
numbers

N; (R {v}sy)) =

m—j3, (j —1 ]
= sup HA ju(J)HLz(m;H) |||u|||W2’”(R+;H)’ J=0m.
0£ueWg (R H; (v} )

are finite.

The next lemma enables to find exact values of these numbers.
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Lemma 2.2. The numbers N; (R+; {I/}Z”;Ol) are determined as follows:

Ny (R {v})sy) = ]

m’] ’

where

Using the method of the papers [16, 22] the lemma is easily proved.

2.3. The basic results

Now, let’s prove the principal theorems.
Theorem 2.2. Let A be a positive-definite self-adjoint operator, the opera-
tors B; = A*j/zAjA*j/2 (j =2k, k= O,—m) and B; = A*(jfl)/2AjA*(j*1)/2
(j =2k—1,k= m) be bounded in H and it hold the inequality

a=) CilBnyl <1,

j=1
where
o dﬁ{fﬂ, j=2k k=0,m
= m/2 . S

’ (dm,(jfl)/2dm,(j+1)/2) / , J=2k—-1k=1m—1

and
o4, meg
b { @R T
’ 1 , j=0m

Then for any ¢, € D (A™""1/2) (v =0,m — 1) problem (20), (21) has a

unique generalized solution and it holds the inequality

m—1

||u||W2m(R+;H) < const Z ||90||m—u—1/2'
v=0

Proof. Let ¢ € D (Ry; H; {v}]') . Then for any ¢

Re P(¢,¢) = Re Ky(¥,9) + Re Pi(y,¢) =
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((—% +A) v, (—i +A)mw) n
+ Re Py(u H(——+A) 2
ey

Since by lemma 2.2

25

- | Re Pl(wvw” >

o |P1 (1/}7 ¢)|L2(R+;H)

La(Ry;H)

4% s < s g

then
m/2 m/2 m/2 2
< S Balldn o+ > I Basll s adnlz |
(7=2k) (j=2k—1)

Here dyo = dppm = 1 and

thus
1P, )] < Cyl| Bl
j=1
where
m/2 . o
o dm’j/2, 1 =2k k=0,m
PN (a2 N ok -1k =T =T
m,(+1)/2%m,(j-1)/2 )= ek = L= LM L
Consequently
2
|P(v, )] < a H7/1||W5VL(R+- )
Then

Re P, V) y(rysmy = (1 — @) Po(V,¥) Ly(rosin)-
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Now we look for a generalized solution of problem (20), (21) in the form
u(t) = uo(t) +6(1),

where wg(t) is a generalized solution of problem (25), (26) and 6(t) €
€ W3 (Rs; H; {v})5') . To define 6(t) we get relation

m—1
(0:0) = (0, V)wyp(rym + Z CP (AP0, A" P) + Py (0,4) = Pi(ug, ¥).

p=1

(29)

Since the right hand side of the equality is a continuous functional in
W3 (Ry; Hy {v}=)'), and the left hand side (6;¢) is a bilinear functional
in the space WJ" (Ry; H; {v}5)') @ Wi (Ry; H; {v}]=)'), then by inequal-
ity (28) it satisfies conditions of Lax-Milgram theorem [21]. Consequently,
there exists a unique vector-function 6(t) € Wa" (R+; H;{v T:_Ol) that satisfies
equality (29) and u(t) = uo(t) + 6(¢) is a generalized solution of problem (20),
(21).

Further, by J(R,; H) we denote a set of generalized solutions of problem
(20), (21) and define the operator I' : J(Ry; H) — H = fe:é:Hm_k_l/Q acting in

the following way I'u = (u(k)(O))Z:Ol . Obviously J(R,; H) is a closed set and
by the trace theorem ||[I'ul|z < C ||u||W2m(R+;H) . Then by the Banach theorem
on the inverse operator there exists the inverse operator '™ : H—J (Ry; H).

Consequently

m—1

|||u|”W2m(R+;H) < const Z ||90||m—k—1/2-
k=0
The theorem is proved.
Remark. From the proof we can show that for m = 2, ¢y = ¢35 = 1/2,

Cy = ]_/4, Cy = 1.
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§ 1.3. On completeness of elementary general-
ized solutions of a class of operator-differential

equations of higher order

In this section we give definition of m- fold completeness and prove a
theorem on completeness of elementary generalized solution of correspond-
ing boundary value problems at which the equation describes the process of
corrosive fracture of metals in aggressive media and the principal part of the

equation has a multiple characteristic.

3.1. Problem statement

Let H be a separable Hilbert space, A be a positive definite self-adjoint
operator in H with domain of definition D(A). By H, we denote a scale of
Hilbert spaces generated by the operator A, ie. H, = D(AY), (y > 0),
(x,y)y = = (A2, Ay),x,y € D(AY). By Ly ((a,b); H) (—o0 < a <b < o0)
we denote a Hilbert space of vector-functions f(t), determined in (a, b) almost
everywhere with values in H, measurable, square integrable in Bochner sense

1/2

b
2
T / 112 dt

Then we determine a Hilbert space for natural m > 1 [17]
W3 ((a,b); H) = {u/u™ € Ly ((a,b); H), A™u € Ly ((a,b); Hy) }
with norm

2 s 1/2
||u||W2m((a,b);H) - <Hu( )HLQ((UL,b);H) +[]A UHLz((a,b);H)> :

Here and in sequel, derivatives are understood in the distributions theory

sense [17]. Assume

Ly ((0,00); H) = Lo(Ry; H), Lo ((—00,00); H) = Lo(R; H),
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W3 ((0,00); H) = W3" (Ry; H) , W3 ((—00, +00); H) = W5 (R; H) .
Then we determine the spaces

Wa (R Hy {v}ig) = {ulu € W' (Ry; H) ,u™(0) =0, v =0,m — 1} .

Obviously, by the trace theorem [17] the space Wi" (Ry; H; {v}]'5)) is a
closed subspace of the Hilbert space W3" (Ry; H).

Let’s define a space of D ([a, b]; H,)-times infinitely differentiable functions
for a <t < b with values in H, having a compact support in [a, b]. As is known
a linear set D ([a, b]; H,) is everywhere dense in the space WJ" ((a,b); H), [17].

It follows from the trace theorem that the space
D (Ry; Hy; {v}7)) = {ulu € D(Ry; Hy) ,u™(0) =0, v =0,m — 1}

and also everywhere is dense in the space.

Let’s consider a polynomial operator pencil
P(\) = (-NE+A4%)" + ZA A, (30)
Bind the polynomial pencil (30) with the followmg boundary value problem

) m
(_% i Ag) u(t) + ZAju(m_j)(t) = O7 t e R+ = (07 +OO)7 (31)

u(0) =, v=0,m—1, ¢, € Hp 1. (32)

Here we assume that the following conditions are fulfilled:
1) A is a positive-definite self-adjoint operator with completely continuous
inverse C' = A7 € o;

2) The operators

Bj = A_j/QAjA_j/Q (] = 2]{:7 k= 17 m)
and
Bj=AUDRAA D2 (j=2k—1, k=T,m—1);
3) The operators (B + E,;,) are bounded in H.

Equation (31) descries a process of corrosion fracture in aggressive media

that was studied in the paper [21].
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3.2. Some definition and auxiliary facts

Denote
Py (%) u(t) = (-% + A2) u(t), u(t) € D(Ry; Hy,), (33)
P (%) u(t) = Z_: A ™D (t), u(t) € D(Ry; Hy), (34)

Definition 3.1. The wvector-function u(t) € Wi (Ry; H) is said to be a
generalized solution of (31), (32), if
limHu(”)(t)—w,,HH =0, v=0m-1

t—0 m—v—1/2

and for any ¥(t) € W™ (Ry; H; {v}=y) it is fulfilled the identity

m—1
<U, W = (u7 w)WQm(R+;H) + Z 0717)1 (Apu(m—p)’ pr(m—p))LQ(R+;H) + Pl (u7 1/}) = 07

p=1

where

C%:m(m—l)...(m—erl): <m>

2 D

Definition 3.2. If a non-zero vector pg # 0 is a solution of the equation
P(Xo)po = 0 then X\g is said to be an eigen-value of the pencil P(\) and ¢y an
eigen-vector responding to the number \g.

Definition 3.3. The system {¢1, ©2, ..., om} € Hy, is said to be a chain of

eigen and adjoint vectors ¢q if it satisfies the following equations

1 d
> P ¢4 =0, g =Tm.

i=0

Definition 3.4. Let {¢q, ¢1, ..., om} be a chain of eigen and adjoint vectors

responding to eigenvalues Ao, then vector-functions
th th—l

©,(t) = e <m§00 + m% + ...+ @n) , h=0m
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satisfy equation (31) and are said to be its elementary solutions responding to

the eigen value \g.

Obviously, elementary solutions ¢y, (t) have traces in the zero

v —
(pé) = @gphhzo, UV = O,m — 1

By means of go,(f) we define the vectors

o= (o el), h=OmpcH" =g H
{@h (wh,wh ) 0,m¢ C X ... x H.

m times

Later by K(II_) we denote all possible vectors ¢ responding to all eigen
values from the left half-plane (IT- = {A\/Re A < 0}).

Definition 3.5. The system K(I1_) is said to be m-fold complete in the
trace space, if the system K (I1_) is complete in the space §on,1,1/2.

It holds

Lemma 3.1. Let conditions 1)-2) be fulfilled and

@ =3Byl <1, (3)
j=1

where

m/2 . .

- dm,j/Z’ j =2k, k/—z(),m

(dm.G-vys2dm yry2) " G =2k =1L k=Tm—1

and
P m=j
gy G T i=Tm -1
' 1 ;o J=0m

Then for any ¢ € Wi* (R+; H,;{v T:_Ol) it holds the inequality

Re P(¢7w) Z (]- - OZ)PO(@/%?/)),

where
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and

P(u,@/)) = PO(UJ/)) + Pl(uv,lvz))

moreover Py(u,) is determined from lemma 2.1.
Proof. Let ¢ € D (Ry; Hyn; {v}') . Then for any ¢

Re P(¢,¢) = Re Ky(¥,9) + Re Pi(y,¢) =

d " d "
- <(‘£“‘) o () w);

2

+ Re Py(v H(——+A) o = 1wl
Lo
Since
HAk@b(m_k)Hh < dﬁ/i i e
then

m/2 m/2 m/2
< Z |B; ||dm/m_j/2+ Z 1Bl dp' / —(- 1)/2dm/’m Gz | 19l -
(j=2k) (j=2k—1)

Here doop = dpnm = 1, thus

1P, 9)] <Y 1Byl €,

7=0

where

. ', j=2k k=0m
= , m/2 . -
! (din(j+1)/2m, (j-1)/2) 2 j=2k—1, k=1,m— 1.

Thus
[P, ¥)1,| < a ||wH12/V2m(R+;H) :

Thus

P, ) Loy = (1 — @) Po(V, V) Lo(ry 1)
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The lemma is proved.
Lemma 3.2. Let the conditions of lemma 2 be fulfilled. Then for any
x € H,, and £ € R it holds the inequality

(P§)X, X) gy > (1 = a) (P(i§) X, X) -

Proof. It follows from the conditions that for all 1 (t) € Wi" (Ry; H; {v}'=)
it holds the inequality

(P, 0)) Lyrypimy = (1= ) Bo($, ) L2y (36)

Let ¢(t) = g(t)-X, X € H,, and ascalar function g(t) € Wi (Ry; H; {v}])) .
Then from (7)we get

(P€)g(t) - X, 9(t) - X) 1y = (1= ) (Po(i€) - X, X) g7, 1y

then

(PEX, X) g7 gy = (1= @) (Poi€) X, X) 197 e orr)
(P(6)X, X) = (1 = a) (P(i§) X, X)

The lemma is proved.

Lemma 3.3. Let conditions 1)-3) and solvability conditions be fulfilled,
then estimation ||[A™p~1 (i) A™|| < const is true.

The proof of this lemma is easily obtained from Keldysh lemma [23,24] and

lemma 3.1.

3.4. The basic result

Now, let’s prove the principal theorems. It holds the following theorem.

Theorem 3.1. Let conditions 1)-2) be fulfilled, solvability conditions and
one of the following conditions hold

a) A€o, (0<p<1);
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b) At €0, (0<p<o0) and Bj € 0.
Then the system of eigen and adjoint vectors from K(I1_) is complete in
the trace space.

Proof. Denote

where
L) = (=XC?+ E)" + ) Am T,
j=1

and

_— Cm12B,CmY2 for j =2k, k=1,m
J Cmf(jfl)/2Bij*(J*1)/2 for j=2k—1,k=1,m— 1.

Obviously T} € 0p/m—;. Then L~'(X) is represented in the form of relation

of two entire functions of order p and minimal order p. Then
Am71/2p71()\>Am71/2 _ A71/2 (Ampil()\)Am) A71/2

is also represented in the relation of two entire functions of order p and of
minimal type for order p. The proof of m-fold completeness of the system
K(I1_) is equivalent to the proof of the fact that for any ¢, @1, ..., @1 from

holomorphic property of the vector-function

FA) = (L) (), FV)

where

For II_ = {)\/ Re A < 0} it follows that ¢, = 0.
The theorem is proved.
Now we use theorem 2.2 and theorem 3.1 and prove the completeness of

elementary solutions of problem (32), (33).
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Theorem 3.2. Let the conditions of theorem 2.2 be fulfilled. Then ele-
mentary solutions of problem (32), (33) is complete in the space of generalized
solutions.

Proof. It is easy to see that if there exists a generalized solution, then

m—1

||u||W2m(R+;H) < const Z ||S0j||mfj71/2'
§=0

Then it follows from the trace theorem [17] and these inequalities that

m—1 m—1
Ch Z ||S0V||m71/71/2 < ||u||W2m(R+;H) =Ck Z ||S0V||mfl/71/2' (37)
v=0 v=0

Further, from the theorem on the completeness of the system K (I1_) it
follows that for any collection {gol,}zz:_ol and ¢, € H,,_,_1/2 there is such a

number N and Cj(e, N) that

N
o= Crpi

k=1

Then it follows from (37) that

<e/m, v=0m-—1.

<e.

N
u(t) = > Cupl),
k=1

The theorem is proved.
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Chapter 11

In this chapter we’ll give definition of regular holomorphic solutions of
boundary value problems and prove theorems on existence and uniqueness
of solutions in terms of coefficients of the studied higher order operator—
differential equations. In addition we’ll investigate ¢-solvability of boundary
value problems in a sector.

Further we prove theorem on m- fold completeness of a part of eigen and
adjoint vectors for high order operator pencils responding to eigen- values from
some angular sector, moreover a principal part of polynomial pencils has a
multiple characteristics. Therewith we’ll use main methods of M.G.Gasymov
[1] and S.S.Mirzoyev [2,3] papers. We'll prove a Phragmen- Lindelof type

theorem.
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§2.1. On regular holomorphic solution of a boundary value prob-

lem for a class of operator- differential equations of higher order

In this section we give definition of regular holomorfic solutions of a bound-
ary value problem and determine the conditions under which these solutions
exists.

1.1. Introduction and problem statement.

Let H be a separable Hilbert space, A be a positive-definite self- adjoint
operator in H, and H, be a scale of Hilbert spaces generated by the operator
A ie. Hy=D(A), (z,y), = (Ax, Ay), z,y € D (A7).

In the space H we consider an operator—differential equation

_ d 2\
:<_W+A) u(T)—l—;AnguJ (r)=f(1), 7€S8, (38)
with boundary conditions
u (0)=0, v=0,m—1, (39)

where u (1) and f (7) are holomorphic in the angle

Sa = {N|arg\| < o, 0 < a < 7/2}

and are vector- functions with values in H, the derivatives are understood in

the sense of complex analysis [4].

We denote
Hy(a)=Xf (T)/sup/ | f (te?) szt < 00
|<P\<a0

A linear set Hs (a) turns into Hilbert space if we determine the norm
1

1Al = 73

2

1/2
(152 O, + 1 g, )
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where f, (1) = f(te"), f_o(7) = f(te7**)are the boundary values of the
vector- function f (7) almost everywhere on the rays I'r, = {\/arg A = +a},
and the space Ly (R, ; H) is determined in [4]. Further we define the following
Hilbert spaces

W5™ (o) = {u(r) ) Ju®™ (1) € Hy (o), A*™u(r) € Hy ()}

W22m = {u(r) e W5 (a), u (0) =0, v=0,m—1}
with the norm
1/2
Il = (a2 + | 42a]l2)

Definition 2.1. If vector-function u (1) € W3™ («) satisfies the equation (38)
in S, identically, it said to be a regular holomorphic solution of equation (38).
Definition 2.2. If reqular solution of equation (38) u (7) satisfies the boundary

values 1n the sense

lim [|u®) =0, v=0,m—1

o H2m71171/2
and the inequality

[ulll, < const|fll,

is fulfilled, we’ll say that the problem (38), (39) is regularly holomorpically

solvable.
1.2. Some auxiliary facts

As first we prove some auxiliary statements.

Lemma 2.1. An operator Py determined by the expression
B(L)um = (L4 2) uem). ueewin@
oo Julr)= o w(r), u(r 5" («

realizes an isomorphism between the spaces W™ («) and Ho (r).
Proof. Let’s consider the equation Pyu (1) = 0, u (1) € W™ (a). Obvi-

ously, the solution of equations
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is of the form

m—1

(m —1)!

where Cy, Cy, ...,Cp—1 € Hyp—1/2. Hence we determine Cy, C1, ..., Cp—q and

Uo (T) = 7TA <C(] -+ ACl + ...+ Amlle) y

boundary conditions (39) and get

E 0 o 0 Co
—F E o 0 o

RC=| E —E e 0 C, - ,
(-1)"'EC, |, (-1)"*E - E Crn1 0

(40)

where CF = W Since the operator R is invertible, then all C; = 0,

i =0,m—11e. up(7) =0. On the other hand, for any f (7) vector-function

v (1) = — (=NE+ A7) } () eMd\ — %

Pzia Taz_q

(=N2E+ A" f (A) eXdA

satisfies the equation
d? o\
(~im+42) w)=s )

in S, and the estimations on the rays I'z, = {)\/ arg A = 5 + a}, F:%mra =
{\ argA =21 —a}

HAQm (=)\2E + A2)" H+HA (—N2E + A2)” H<const

yield that v (7) € W™ (a). So, we look for the solution of the equation
Py(d/dr)u(r) = f (1), u(r) € W™ (7) in the form

m—1

_ A T S

Amlle) :
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where the vectors C; € Hyp1/2 (i = 0,m — 1) satisfy the equation RC = ,
where R is determined from the left hand side of equations (40), and C' =
(co,CtyeesCmot)s @ = (v(0), A7 (0),..., A== Dy (m=1)(Q)). Since
v(r) € Wim(a) it follows from the trace theorem [4] that
v (0), A7) (t), .., A== Dym=D(0) €  Hy, 19, therefore the vectors
Co,C1, ... Crpey € Hopyyo, 16 u (1) € W™ (o). On the other hand, it is

easy to see that
[P0 (d/dr)u (7)]| < constl[|u(7)]]]4-

Then the statement of the lemma follows from Banach theorem on the
inverse operator.
It follows from this lemma and a theorem on intermediate derivatives that

o 2m
||ul]|, and || Pyu||, are equivalent in the space W, (a) and the numbers

wj = sup }|A2m’ju(j)Ha||P0uH;1, j=12m-—1
O;éuEWQ (a)

are finite. For estimating the numbers w; we act in the following way. Since

for u (1) € Wi ()

g « d’
%u (te“p) = @u (te“p) ele,
then
d2 m 2
| ()" () e
dt? d? Lo(Ry;H)

2

P) m
+1H(62iad_+A2) Uy (t)

2 dt? L2(R+;H).
On the other hand
' d2 m 2
' <€2zaﬁ + A2> Uy (t) —
t La(RysH)

m 2
Z 72ialA2(mfl)u32l) —
I= La(R;H)
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m 2
> GAT ] : (41)
1=0 La(Ry;H)
where
O — (=)™ (e™) e~ %l for 1=0,2,...,2m
B for 1=1,2,....,2n — 1.
Denote
— Z Cl)\lA2mfl
1=0
and construct polynomial operator pencils ([3])
Py (X B;A) =Q0(NMA)Qy (=N A) — (z’)\)2j A2(2m—j)
where (3 € 0, b]f2 and
J j
b_SUPi.‘Esup 5 f | =
EER Qo( Zé; 1) ¢eR (g e~ 1a_|_1>
J
_ ¢ ] o
" een| (€0 1+ 1+ 26%65%0) % |

that may be represented in the form
Py (XN B85 A) = ¢ (A 85 A) 5 (=X B A)

moreover

A) = (BNAT =T (AE — a; (8) A)
=0 =1

where Rea; () <0
It holds
Lemma 2.2.[3] For any v € W™ (R, ; H) and 3 € [O,bj_ﬂ

1Qo (d/fdt) v (DI}, 00y — BIA™ 09 D3 oy =
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= N6 (d/dts B Ay O,y + (55 (9) 0, 8)

where

~ m—1

= (A" (t))j:O € H,, s;(8)=R;(B)—T, (43)

moreover R; (3) = (rpe; (8)), T = (t,g) and for

Tpej (B) = (=1)"pivj (B)tg—r—1(B) (=0, v <0, v>m),

NE

N
I
o

[e o]

tpgj (B) = (—=1)"Cpir (B)Cya (B)  (C, =0, v <0, v>m)
=0

1%

forp=q

Tpaj (B) = Z (=1)" Reayiu,j (B)og-v-1 ()

0

1%

(=1)"ReCyppy (B)Cyv1 (B),

K

tpa.j (5) =

N
I
o

and for p < q we assume

Tpaj (B) = T (B)y  tpg = tgp-

The next lemma follows from 2.2.
Lemma 2.3. Let § € [0,b;%). Then for any u(r) € W3™ () it holds the
equality

o 1
|y (d/dr)u (7)]2 = B]| A2~ ul) (7)]||} = 565 (d/dt; ua O RTINS

1
5165 (d/dt: 5 A) o (8) |y, ary + (M (5) 8. 2)
where § = (A=31200) (O)" L My (8) = Haz's; (9) i+ as; (3) 5]
and s; () is determined from (43)

Uy = diag (1, e e ei(m_l)a) .
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The proof of lemma 2.3 follows from lemma 2.2. and the fact that
(Amej—l/Quj_a (0)) =, (Azm—j—1/2u(j) (0)) = U
and

(AQm_j_l/Quj,a (0)) —u_, (A2m—j—1/2u(j) (0)) = U_aP.

1.3. The basic result

By ptjm () we denote a matrix obtained by rejecting the first m rows and
columns from M, (). It holds
Theorem 2.1. Let A be a self- adjoint positive —definite operator, the opera-
tors B; = A;jA™ (j =1,2m — 1) be bounded in H and the inequality

2m—1

0= XllBemsll < 1, (44)

=0
is full filled, where the numbers x; are determined as follows
b; if det i, (5) #0
X] Z { J J

Lo 1/2 otherwise

here ,uj_l/z

(38), (39) is regularly holomorphically solvable.
o 2m
Proof. It follows from lemma 2.3 that for u (1) €W, (a)and 3 € [0,b;?)

is the least root of the equation det ;. (3) = 0. Then the problem

it holds the inequality

i ()12 1
1Py (d/dr)||2 = B||A*"uD|| = 5 103 (d/dt; 55 A) ua Oy

1
5105 (@t 5 A o Oy + (o (D D (45)

where, ¢ = (A¥m=I71/2y0) (0));7:01.

positive operator. Then A; (0) is east is the least eigen value of the matrix

We can easily verify that s, (0) is a

jm (0) is positive as well. There fore, for each 3 > 0 A (3) > 0. For

estimating x; we consider two cases.
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1) If x; > b;, then X;2 € [0, bj’2). Then from definition of x; it follows that

o 2m
for all (x;?b;?) there exists a vector-function ug (1) €1V, (a) such that
2 2m—j, () |2
1Py (d/dr) u (7)), < Bl|A*"u |,
Then it follows from the equality (45) that

1 1 L.
165 (d/dt; 5 A) a7 iy + 5105 (/s B; A) ol Ly, ary + (s () B, @) <O,

i.e.(ftjm (8) @, @) < 0. Thus, for 3 € (x;2 b;?) the last eigen value A; (3) < 0.
It follows from the continuity of A, (4) that the function A; () vanisnes of
some points [0, bj_2), i.e. at the points det 1;,, (#) = 0. Thus, in this case the

equation det 1;,, (#) = 0 has a solution from the interval [0, bj’2). Since the

o 2m
last of them is the number fi,, then x;? > pio. Thus, for u (1) €W, (@)
[ AT ()|, < p 2] Pou ()],

2) Let x; < b;. Then of the equation det 1;,, () = 0 has a solution
from the interval [0,6;2), then x; < b; < u;1/2. But if det p,,, (5) # 0 for
8 e [0, bj_2), then p;,, (8) is positive for all 5 € [0, b;z). Therefore it follows

o 2m
from the equality (45) in this case that for all u (1) €W, (@) and 3 € [0, bj_2)
|Po (d/dr)u (@)l = ]| A% ul (1) > 0.
Passing to limit as § — bj_2 we have

|4 (1), < Bl Pow (7).

o 2m

i.e. x; <bj. Thus, for all u(r) €W, («) it holds the inequality

[ AP ()], < sl Pou (D)l 5 =T,2m =1,

o)
where y; is determined from the condition of the theorem. Now we look for the

solution of the boundary value problem (38), (39) in the form of the equation

o 2m

BPou(r) + Pru(r) = f (1), u(r)eW, (o), [(7)c Hy(a)
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where
d2 2m—1

Poyu (1) = (-— +A2)mu(f), Pu(r) = Zl Agp_ju) (7).

dr?

By lemma 2.1 the operator P, ' exists and is bounded. Then after substi-

tution Pyu (1) = v (7) we obtain a new equation in Hy («)
v(r)+ PPy o (7) = f(7)

or

Since

2m—1

Z Aszju(j)
j=1

2m—1

|PB o, = Pl = < 3 | BanslIx
j=1

[0}

2m—1

| Agm—jul? ||, < Z | Bom—j x5l Poull, = o[ Poull, = ollv]],,

j=1

and by the condition of the theorem o < 1, the operator (E + P1P0_1) is

invertible in Hj (o). Hence we find
u(t)=Fy ' (E+ PRy f(7)
where it follows that
[[ulllq < const][f]4-

The theorem is proved.
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§2.2. On m-fold completeness of eigen and adjoint vectors of a

class of polynomial operator bundles of higher order
2.1 Introduction and problem statement

Let H be a separable Hilbert space, A be a self-adjoint positive definite
operator in H with completely continuous inverse A~'. Let’s denote by H, a
Hilbert scale generated by the operator A. Let S, = {\/Jarg\| < a}, 0 < a <
7/2 be some sector from a complex plane, and S, = {N]arg A — 7| < T —a}.
In the given paper shall search m-fold completeness of eigen and adjoint vectors
of the bundle

2m—1

P(\) = (—\E + 4%)" Z N A (46)

corresponding to eigen values from the sector S,. To this end we introduce
some notation and denotation. In the sequel, we shall assume the fulfillment
of the following conditions: 1) A is a self-adjoint positive definite operator;
2) A7! is a completely continuous operator; 3) The operators B; = A;A ™,
j = 1,2m are bounded in H.

Denote by Lo (Ry; H) a Hilbert space whose elements u (¢) are measurable
and integrable in the sense of Bochner, i.e.

1/2

Lo (Ryi H) = 30 0) /I Oy, ) = / ] <o

Let Hs (a; H) be a liner set of holomorphic in S, = {\/|arg A\| < A} vector

functions w (2) for which

sup/Hu te“" H dt < oo.

The elements of this set have boundary values in the sense of Lo (Ry; H)
and equal u, (1) = u (te®) and u_, (t) = u (te~*). This linear set turns into
Hilbert space with respect to the norm

1

9 9 1/2
||u (t)Ha = E (Hua (t)||L2(R+:H) + ||u*a (t)||L2(R+:H)> ’
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Denote by W™ («; H) a Hilbert space

Wim (e H) = {u(z) /u®™ (z) € Hy(a; H), A*™u(z) € Hy(a; H)}
with norm
1/2
Il = (a2 + | 42a]l2)

Bind a bundle P (\) from the equality (46) with the following initial value

problem:

P(d/dz)u(z) =0, (47)

u? (0) =y, j=0,m—1, (48)
where we’ll understand (48) in the sense

=0.

lim Hu(j) (2)
z—0

HQm—j—l/?
larg A| < «

2.2. Some auxiliary facts

Definition 2.1. If for any v; € Hopm—j_1/2 (j = 0,m — 1) there exists a
vector-function u (z) € W2™ (a; H) satisfying equation (47) in S, identically

and inequality

m—1
” |u| ||a = conStZ ij ||2m7j71/2
=0
they say that problem (47), (48) is regularly solvable and u (z) will be called a
reqular solution of problem (47), (48).
Let

2m

o (A) = (=N% + 1)4 = Z cp AP

k=1
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(A, B) = o (A) o (=) — BENY,  Be [0,b72).
then
b (N B) =F (N B) F (=X 8)

moreover, F'(\; §)has roots in the left half-plane and is of the form
2m
F(XB) =) ar(B) N
k=1

Denote by M; ., (#) a matrix obtained by M; (3) by rejecting m first rows

and m first columns, where
1

M (8) = 5[5 (9) o + 1S, (9) 7,1,

o = diag (1,6, ¢, m,€i(m—1)a) , Belo bj—z}’

&
sup
ecR| (€4 + 1 + 262 cos 20)™?

bj:

and

moreover R; (3) = (rpq; (8)), T = (t,q). For p > ¢

(=1)" apro; (F)agv-1(B) (=0, v <0, v>2m)

WE

Tpej (B) =

N
Il
o

Upa.j (5) = Z (_1)V Cptu,j (5)0(171/71 (ﬁ) (CU =0, v<0, v> 2m)

v=0

for p=g¢q

Tpg,j (B) = Z (—1)" Reapyu,j (B)ag—r—1 (B)

v=0
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and for p < q

Tpag (B) = Tpaj (B)s  tpgi (B) = tpej (B)

moreover oy, (3) and ¢ are the coefficients of the polynomial g (A\) and F' (A; 3).
The following theorem is obtained from the results of the papers [2] and [5].
Theorem 2.1. Let A be a self-adjoint, positive definite operator, the operators
Bj = A;A™ (j = m) be bounded in H and the inequality

2m
Y xlBil <1,
j=1
be fulfilled, where the numbers x are determined as

b;, if det M, (3) # 0
Xj 2 { J—1/2 '
) )

(49)

in otherwise

Here ,uj_l/ ? is the least root of the equationV; ,, (8) = 0. Then problem
(47)-(48) is regularly solvable.

In order to study m- fold completeness of a system of eigen and self-adjoint
vectors corresponding to eigen-values from the sector S,, we have to investigate
some analytic properties of the resolvent.

Definition 2.2. Let K <§a> be a system of eigen and adjoint vectors corre-
sponding to eigen values from the sector S,. If for any collection of m vectors
from the holomorphy of the vector-function

2m—1
R ()\) _ Z (AQm—j—l/Qp—l ()\))*A2m—j—1/2>\j,¢j
j=0
in the sector S, it yields that K (Sa) in strongly m-fold complete in H.
Note that this definition is a prime generalization of m-hold completeness

of the system in H in the sense of M.V. Keldysh and in fact it means that the
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derivatives of the chain in the sense of M.V. Keldysh are complete in the space
~ m—1
of traces H = @ Hp_j_1/5.
5=0
It holds the following theorem on an analytic property of the resolvent.

Theorem 2.2. Let the conditions 1)-3) be fulfilled and it holds the inequality

2m—1

> bl Bl < 1,
j=0

where

0,2m

bj = sup < 1 ) , j=
¢ER 1 +£ +2£2 cos 2«

Besides, let one of the following conditions be fulfilled:

a)Ateo, (0<p<n/(m—2a));

b) Al eo, (0<p<oo), B; (j=0,2m) are completely continuous
operators in H

Then the resolvent of the operator pencil p (\) posseses the following prop-
erties:

1) A?’mp=Y(\) is represented in the form of relation of two entire functions
of order not higher than p and has a minimal type order p;

2) there exists a system {Q} of rays from the sector S, where the rays

s 3T
Fg+a = {A/argA =5 +Oz}, F%ﬂ_a = {)\/arg)\ iy —a},

are also contained, and the angle between the neighboring rays is no greater

than m/p and the estimation

[t (V)] < const|A| 7"

HA2’”p_1 ()\)H < const

holds on these rays.

Proof. Since

P(N) A" = (E+ Baw) (E+T (X)),



54 Rovshan Z. Humbataliyev

where

2m

T(\) =) A7,
j=1
(E + Byy) ' B;AT2m, j=1,3,...2m—1,2m

cj = (2 ‘
! (E + Bay) ™ (Bj + (—1)7 ( 'm ) E) A% j =24, 2m—2.

J

Then applying Keldysh lemma [6], we get that
ATpE(N) = (BE+T(\) " (E + Bay) ™"

is represented in the form of relation of two entire functions of order not higher

than p and of minimal type at order p.
On the other hand

p(A)=po(A) +p1(N),
therefore

PN = ) (B4 p (V) pgt (V)

m, — m, — — -1
A2 (N) = AP p (V) (E+pr (M pgt (V)
Since by fulfilling the condition a) of the theorem we get on the rays Pzia

and Pax_, (i.e. for A = rei(%““), A\ = rei(?’?”*a))

2m—1
lpr V) g D < D 1Bl A 05 V)| (50)

J=0

therefore we should first estimate the norm

H)‘J’A2mijpal (A) HHHH

on the rays I'z, and F%ﬂ_a. Let A = re'(310) ¢ I'ziq.
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Then it follows from the spectral expansion of the operator A

H)\jA2m—ij—1 ()\)HH—>H — sup ’)\jMQm—j (_)\2 Jr'uz)—m’ _
pET(A)

Pl (r2e? ) = sup [ (4 207 cos 2a) %
HET(A)

= sup
HET(A)

= su(a) 1 5 = b;.
er r r
# 1+ (u) +2<#) cos 2«
So, we get from inequality (50)
2m—1
[pr Moyt N < D7 1Bamllby <y < 1.
=0

Therefore on this ray
_ 1
o™ 1 < 195" O [/ + 2005 0) 7| < e )11
On the other hand, on the ray I'z ., it holds the estimation

1
(A + pt + 22202 cos 2a)

Hpal ()\)H = H(—A2E+A2)_m = sup

pea(A)

m | -
2

If cos2a >0 (0 <a< %), then

1
sup e
pea(A)| (At + pt + 2X2 02 cos 2ar) 2
1 —2m
sup |———— | < const|A|”".
pea(A)| (A + pt) 2

It is analogously proved that on these rays

HA2mp_1 ()\)H = const.
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The theorem is proved.
2.3. The basic theorem

Theorem 2.3.Let conditions 1)-3) be fulfilled and it holds

2m—1

> XillBam—jll < 1,
j=0

where the numbers x; are determined from formula (49).

Besides, one of the conditions a) or b) of theorem 2.2 is fulfilled.

Then the system K <§a> is strongly m-fold complete in H.

Proof. Prove the theorem by contradiction. Then there exist vectors
Uy (k: = m) Hyp—k—1/2 for which even if one of them differs from zero

and

>—‘

Z A2m k— 1/2 ()\))*)\kAmejfl/ka

7=0
is a holomorphic vector-function in the sector S,. By theorem 2.2 and Phragmen-
Lindelof theorem in the sector R (\) the S, has the estimation

IR ()| < const|\|~"2.

On the other hand, by theorem 2.1. problem (38)-(39) has a unique regular
solution u (z) for any ), € Ham—g—1/2. Denote by u (\) its Laplace transfor-

mation. Then u (z) is represented as

1 1
u(z) = o u(\)eMd\ — 5 / u(\)eMdn,
L Pz,

m—1
where 1 (A) = p~1 (\) g(A) and g(A) = 3> Am9Q,ul® (0), Q; are some oper-
i=0

ators, obviously, for ¢ > 0

—_

m— 1 B
E) tta s = 3 (g(N), R (N))eMdt.

k=0 .
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Since the functions v (A) = (g (A), R (X)), is an entire function and on I,
it holds the estimation |[v (A)|| < ¢|A]*™", then

m—1

v(A) = Z a; N .

j=0
Since
/v (NerMd =0,
I

then for ¢ > 0

—_

(0 (1) ) 0.

Hopm—1)2

=

Passing to the limit as ¢ — 0, we get that

[y

m—

A ——)
k=0

ie. all Y, =0, k =0,m — 1. The theorem is proved.
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§ 2.3. On the existence of ¢-solvability of bound-

ary value problems

In this section sufficient conditions are found for ¢-solvability of boundary
value problems for a class of higher order differential equations whose main

part contains a multi charachteristic.

3.1. Introduction and problem statement

In the present paper, using the method in the paper [1] we study the existence
of holomorphic solution of the operator-differential equations

2m—1

d d? 2\ :
— =(—-———= q2m—7)
g <dz> ue) = < R ) A ; AT (z), 2 € Sep), (51)
with initial-boundary conditions
u®(0) =0, v=0,m—1, (52)

where A is a positive-definite selfadjoint operator, A; (j = 0,m — 1) are lin-
ear operators in an abstract separable space H, u(z) and f(z) are H—valued

holomorphic functions in the domain
s s
Swap =12/ —p<argz <a}, 0§a<§, 0§ﬁ<§
and the integers s, (v = 0,m — 1) satisfy the conditions
O0<sp<s1<...<Sp1<m—1.

Let H be «a separable Hilbert space, A be a positive definite selfadjoint
operator in H, and H, be a scale of Hilbert spaces generated by the operator
A e Hy = D(A"), [lz|, = [|A7z|, € D(A"), v > 0. Denote by La(R; : H)
Hilbert space of vector-functions f(¢) with values from H, defined in R, =

(0, +00), measurable, and for which

2

10 ooty = / FoRd] <o
0
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Then, denote by Hs(a, 5 : H) a set of vector-functions f(z) with values
from H, that are holomorphic in the sector Sy, g = {2/ —f <argz < a}
and for any ¢ € [—3,a] of the function f(£e*?) € Lo(R, : H). Note that
for the vector-function f(z) there exist boundary values f_5(£) = f(e )
and f, (&) = f(£e™) from the space Ly(R, : H) and we can reestablish the
vector-function f(z) with their help by Cauchy formula

f(z) = L f_ﬁi(aeﬂﬂdg _ L/

2w ) EemB— 2 27
0 0

fa ()

é"eioz —

e de.

The linear set Hy(ov, 5 : H) becomes a Hilbert space with respect to the

norm [4]

NI

1 2 2
17wy = 75 (101 + el )

Now, define the space W™ (a, 3 : H)
Wim(a, 8 H) = {u/ A*™u € Hy(a,3: H), u®™ € Hy(a, 3: H),}

with norm

1
m m 2 2
|||u|”(a,ﬁ) = (H A? u“?a,ﬁ) + Hu(2 )H(a,ﬂ)) E

Here and in the sequel, the derivatives are understood in the sense of complex
analisys in abstract spaces ([7]).

Definition 3.1. The vector-function u(z) € Wi™(«, 3 : H) is said to be
a regular solution of problem (51),(52), if u(z) satisfies equation (51) in Sia p)
wdentically and boundary conditions are fulfilled in the sense
lim H“(Sj)@)Hszsr =0, j=0,m—1.

z—0 2
—p<arg z<a

Definition 3.2. Problem (51),(52) is said to be ¢-solvable, if for any
f(z) € H C Hya, B : H) there exists u(z) € Wy C Wi™(a, 3 : H), which is a
reqular solution of boundary value problem (51),(52) and satisfies the inequality

l[elll 8y < const ([ llap -
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moreover, the spaces Hy and Wy have finite-dimensional orthogonal comple-
ments in the spaces Hy(o, 3 : H) and Wi™(«, 3 : H), respectively.

In the present paper we study the ¢-solvability of problem (51),(52). The
similar problem was investigated in general form in [1], when the principal part
doesn’t contain a multiple characteric. In the author’s paper [5] for « = 5 =
7/4 the one valued and correct solvability conditions of problem (51),(52) are
found in the case when the principal part of equation (51) is biharmonic. For

simplicity we consider equation (51) with boundary conditions
u(0)=0, j=0,m— 1. (53)

The general case is considered similarly.

3.2. Some auxiliary facts

At first, let’s prove some lemmas.

Lemma 3.1. The boundary-value problem

P, (%) u(z) = (—dd—; + A2>mu(2) —o(z),  2€8my  (54)

u(0)=0, j=0,m—1 (55)

1s reqularly solvable.
Proof. It is easily seen that ([1]) the vector function
1
=— [ By (N)o(\)edA 56
o [ B (56)
T

satisfies equation (54) identically in S, 5 where v()) is a Laplace transform

of the vector-function v(z) :

oo

0(2) = /v(t)e—”dt,

0

that is an analytic vector-function in the domain

~ 7r 7r
S(%g):{)\/ —§—a<arg)\<§+ﬁ}
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and for X € S( )
[ =0, [A = o0, ([8])

in formula (56) the integration contour I' = T'yUT'y, where T'y = {\/ arg A = I + (3},
Iy ={)\ argh=—% —a}. Thus,

1
2mi

1

/ Pyt N o(A)erd\ — 5 PoY(No(N)eMdN, 2z € Sap).-
s

I I's

uo(2)

On the other hand, it is easy to check that on the rays I'y and I'y it holds the

estimate
H)\QmPO_l()\)H + HAZmPO_l()\)H < const.

Then using the analogies of Plancherel formula for a Laplace transform we
get up(z) € Wi™(av, 8 : H). Further, we seck a general regular solution of the

equation in the form
u(z) = up(z) + (zAY e *AC,, (57)

where C), € Hmeé, and e *4 is a holomorphic in S(a,p) group of bounded
operators generated by the operator (—A). Now, let’s define the vectors C),
(p = 0,m —1) from condition (55). Then, obviously, for the vectors C, (p =
0,m — 1) we get the following system of equations:

)
co = —up(0),

—co+ ¢ = =AM/ (0),
co — 2¢1 + 2¢0 = —A2"(0),

It is evident that the main matrix differs from zero, since it is triangle.

Therefore, we can define all the vectors C, (p = 0,m — 1) in a unique way. On
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2m—j
the vectors C), € Hy,, 1.

m—j—5
Thus,

the other hand, uéj)(z) € H,,,_; 1, since u(()j)(z) € Wi™(«, 3 : H), therefore

—_

m—

u(z) = up(z) + ) (zA)Pe4 Z aqu’quéq)(O). (58)

q=0

3
I
o

The form u(z) and the trace theorem implies that the inequality

||u||W22m(a,ﬂ:H) < const HUHHQ(CM,ﬂ:H)

holds. The lemma is proved.
For the further study we transform the form of the vector function wug(z).

From formula (56) after simple transformations we get

0o 100

1 — 7 zeth —
w(z) = [ 5r [ B0 | oa()de -
0 0

where
Vo (t) = v(te’™),  vs(t) = v(te )
and

f Pyl (Aeif)ersdA

- 271'2

(60)

—1300

Gi(s) = - g‘ P (Memi) e d

2mi

Now, let’s prove the main result of the paper.
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3.3. The basic results

Theorem 3.1. Let A be a positive self-adjoint operator with completely contin-
uous inverse At The resolvent P~(\) exist on the rays Ty = {\/ argA = Z 4 (3},
I, = {)\/ arg\ = —3 — Oz} and be iniformly bounded, the operators B; =
A; x A7 (j = 1,2m —1) be completely continuous in H. Then, problem
(51),(53) is ¢p-solvable.

Proof. Write P(d/dz) in the form

P(d/dz)u(z) = Py(d/dz)u(z) + Pi(d/dz)u(z),

where
Po(d/dz)u(z) = (—j—; + A2) "2,

2m—1

Pi(d/dz)u Z AjuPm=9)

Having applied the operator P(d/dz) to both sides of equality (58) we get

3

v(z) = Py(d/dz)ue(z) + Pl(d/dz) ZAZaqu w((0).  (61)

p

I
o

Passing in equality (61) to the limit as z — te’® and 2 — te™™ (t € R, = =
(0, 00)) and using for u(()q)(()) the expressions found from equality (59) allowing

for (60) we get the following system of integral equations in the space Lo(R. :
H)

v4w+fu9@—@+kuwM@»%@ma—

I (e — €) 4 Ky(te'™ €)) v_p(€)dE = fult) o
0 62

v_g(t) + f (Kl (t—¢&) + Ks(tefwag)) v_p(§)dE+

+ Z" (K (te @40 — &) 4 Ky(te™® — €)) va(€)dE = f-5(t)

Vs
where

Ky (te” — &) = Pi(e”d/dt)Gy(te” - €);
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Dy Gyt — ¢);

Ky(te™™ = &) = Py(e™™ o

-1

3

Ks(t,€) = —Pi(ePd/dt) Y (te P A)re ™ “Zaqu G (~¢),

q=0

ANk

3

Ky(t,€) = Py(e”"d/dt) (te_lﬁA) _WAZ%qA G (=€)

q=0

i
o

0 2m
Since the operator Py(d/dz) maps isomorphically the domain W, («a,f :
o 2m

H) onto Hs(a, 3 : H) where VV2 (o, : H) ={u(z)/ u(z) € Wi™(a,3: H),

u?(0) =0, j =0,m — 1}, then the ¢-solvability of problem (51),(53) is equiv-
alent to the ¢-solvability of a system of integral equations (61) in Lo(Ry : H).
Therefore, we study the ¢-solvability of the system of integral equations (61)
in Ly(R, : H). Since P7!(\) exists on the rays I'; and T'y, then each equation

/Kt— §de = f¢), j=1.

is correctly and uniquely solvable in the space
L2<R : H) == LQ(R . H) @LQ(R . H)

where f(t) € Ly(R: H), v(t) € Ly(R : H). Therefore, for ¢-solvability of the

system of integral equations,

0+ +Of°°K2<t  ua()dE = f(6)

t) + Of Ki(t = &§v_p(§)dE = f-5(6)

in the space Ly(R, : H) it suffices to prove that the kernels K;(t + &) and
Ky(t + &) generate completely continuous operators in Ly(R : H). Then, to
prove the ¢-solvability of the system of integral equations (61) in the space
Ly(R, : H), we have to prove that the kernels K (te@T9) —¢), Ky(te= (@9 —¢),
Ks(te' &), Ky(te', £), Kz(te ™€), Ky(te™,€) also generate completely con-

tinuous operators in Ly(R, : H). The proof of complete continuity of these
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operators is similar. Therefore, following [1] we shall prove the complete con-
tinuity of the operator generated by the kernel K (t + &). Since

2m—1
@ 1 .
t § : A zgﬁ _)\2 2i3 A2 —-m )\(t—‘rf)d
+§ 2m—;€ dt] ori /( e“'PE + ) (& A s

0
and taking into account that for A € (0,700) and for sufficiently small sector

adherent to the axis 700 it holds the estimation
H(—)\ZB%BE + A2)_mH < const(1 + |\]) 2

we can represent K (¢t + ¢) in the form

(i—¢§)oo
2m—1 :
ol 1 )
_ igB = _\2,.2i3 2\—m A(t+§) _
Kl(t+§)—;A2m_Je il / (=N2*PE + A%) e A\ =
- 0

2m—1 B
_ Z 2m— ] / )\2m—jA]( )\2 215E+A2) m )\t+§)d/\
j=1

2m—

1
Q—Z 2m— jK1]t+€)

where € > 0 is a sufficiently small number, and
(i—€)oo
Ky j(t+¢) = / APTIAT (= N2PUE 4 A%) TN,
t,e>0
Then
(i—&)oo
1Kit+ Ol = | [ XA+ )0y |

0

/(z _8>2m+17j)\2mfjAj(_)\2(i_ )2 21*8E+A2) M —eA(t+E) GiA(t+€) 7\ || <
0
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<l =)l [ (6= NI A N = OB+ A e de) <

o0

< C. / e M d(Ne) <

0

Ce
t+¢e

Using Hilbert’s inequality [9] we get from the last inequality that K ;(t +
€) generates a continuous operator in Lo(Ry : H). To prove the complete
continuity of the operator generated by the operator By, ;K j(t + &) we act
as follows. Let {e,} be an orthonormal system of eigen vector of the operator
A responding to {u,} : Ae, = ppen, 0 < g < ... < p, < ... and let
L, = i(, e;)e; be an orthogonal projector on a sub-space generated by the
first nzlefectors. Since By,—; is a completely continuous operator, then as

m — o0

HQm,jHHﬁH = HBj - BijHHHH — 0.

On the other hand

| BjLin K1 (t + &) =
L (=EA
=2 / NI (G — )P (N2 (i — )26 4 p2) T (- eq) Byene M e AR O gy <
n=1 0
m %7 8)\ 2n— ]|MJ R \2m—j
<C —AHDg(\e) < C / A g\,
B az:1/| A2(i — e)2e?P 4 12 |6 (Ae) = Ce(m) 1+)\2m6
=1y 0

Hence, it follows that the kernel By,,_; L, K ;(t + &) generates a Hilbert-
Schmidt operator, since for j = 1,2m — 1 the following inequality holds

/ / 1B LK (¢ + 6|2 dedt <
0 0

[e.e] o0

R X )\Zm J N Smej
48 | 2 s+ _
S// /1+)\2me /1+s2ml€ ds | dtd¢ =
0 O

0
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5 it )\2m ]SZm 7 d)\d 5 o7 )\2m 1— ]SZm 1—j d}\d
B // 1+ A2m)(1 + s2m)(1 + )2 S5 // 1+ A2m)(1 4 s2m) o
0 0 0 0

Fyom-1—j  F 2m—1—j B
- /A dA/S ds<0  (j=T,2m—1).

14 g2m

On the other hand
Bom iK1 j(t + &) = QiK1 ;(t + &) + Bam—j Lin K 5(t + §)

then the boundedness of the operator I/(; generated by the kernel implies
that the operator i; generated by the kernel By, ;K ;(t + &) is the limit of
completely continuous operators 1} ;,, generated by the kernels B;L,, K ;(t +

€). In fact the difference operators

[~ s

< 11Qull |2

—0 (m— o)

Lo(Ry:H)—La(Ry:H) Lo(Ry:H)—Ly(Ry:H)

Thus, Bay,—; K7 ;(t + £) generates a completely continuous operator in

Lo(Ry : H). Since Ki(t + &) generates a completely continuous operator in
Ly(Ry : H). The theorem is proved.
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§ 2.4. ON SOME PROPERTIES OF REQULAR HOLO-
MORPHIC SOLUTIONS OF CLASS OF HIGHER OR-
DER OPERATOR-DIFFERENTIAL EQUATIONS

In this section we give definition of regular holomorphic solutions of a class
of higher order operator-differential equations and Phragmen-Lindelof type

theorem is proved for these solutions.

4.1. Introduction and problem statement

In the paper [7] P.D.Lax gives definition of intrinsic compactness for
some spaces of solutions in infinite interval and indicates its close connection
with Phragmen-Lindelof principles for the solutions of elliptic equations. Such
theorems for abstract equations were obtained in the papers [10-11]. In our
case the main difference from the above-indicated papers is that a principal
part of the equation has a complicated- miltiple character and therefore our
conditions essentially differ from the ones of the indicated papers. Notice that
the found conditions are expressed by the operator coefficients of the equation.

On a separable Hilbert space H consider an operator differential equation

d d2 m 2m A
P (%) u(r) = (W - A2) u(r) + ;Am_jw (1) =0, 7€ Spp,
(63)

where S5 is a corner vector

Sﬂ‘/2 = {T/ |arg7‘| < 7T/2}a

and wu (t) is a vector —valued holomorphic function determined in S;/, with
values from H, the operator A is positive- definite self-adjoint, A, ( ] = m)
are linear operators in H, A;A™J (j = m), are bounded in H. All the
derivatives are understood in the sense of complex variable theory [4]. By

H,, we denote a space of vector-functions f (7) with values in H that are
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holomorphic in the sector Sy /2, moreover

sup /Hf te“p HHdt<oo (T:tei‘p).

lpl<%

Lets introduce the space W37 (H) as a class of vector- functions u () with

values in H that are holomorphic in the sector S/, and for which
1/2

+ || A2 (k) |5, | dt < oo, (7 =te™).

2

o, ] (]

s0:|¢\<*

Definition 4.1. If the vector-function u (1) € W37 (H) satisfies the equa-
tion (63) in Sy identically, it is said to be a reqular holomorphic solution of
the equation (63).

By Uéa) we denote a set of reqular holomorphic solutions of the equation
(63) for which ¢’ u (1) € Hy,.

Obviously,

U = KerP (d/dr) = {u/P (d/dr)u(r) = 0},
and for T >0

U™ = {u/u c U™ eu(r) € HQ’O{} .

4.2. Some auxiliary facts

Lets consider some facts that well need in future. It holds

Lemma 4.1. The set Uéa) is close in the norm |[ul],zm .
Proof. Let {u, (1)} ~, C Uéa) and let [uy, (1) — w (7)[lyzm — 0. Then,
obviously u (1) € W37, Show that u (1) € U™, ie. P(d/dr)u(r) = 0. Since

[tn (7) = w(7)|[yzm — 0, by the theorem on intermediate derivatives [4] for



70 Rovshan Z. Humbataliyev

each j7 (0 < j < 2m) a sequence {Agm_jug) (7‘)} converges on the space
n=1
Hy . Indeed, as n — oo

HAgm_jug) (1) — Agpn_jul9) (1) < const ||u (1) — uy, (7‘)||W22m — 0.

...

Show that the sequence {AZm,jug) (T)}OO X uniformly converges in any
compact S C S,. Really, since AZm,jug) (7) nand Ao juV) (T) € Hy,, there
exists their boundary value in the sense Ly (Ry; H), respectively Zij (t) and
Z;E (t) € Ly (Ry; H). Since

00 _ 2 o+
1 ij (g) €7iadf _ L L(gi_eiadf,

Agp_iut?) =— [ ———— 4
am—57 (7) 2me ) Ee7 ™ — 1 2mi ) Eere —
0 0

| 17 o)
A e lode — — [ L 22 ¢l
2m= Ju (7) 2#@/56 o _ $ 27?2'/56“’—7‘6 $
0

and

| Az juld (1) — Ay ju (1)

[
1 3 3 1/2
= 75 (105 © = 25 Ol ey + 1505 = 2 Ol ) 0

then

225 ©) = 257 Ol ey = 0 ot (O =28 O,y — O

Obviously

SupHAszjug)( ) — Az ]u |< sup — /Hz o |£)Hd§+

TES TES 27'('

1 © == @
+ sup / |€ d§ <

res 2T e~ — 7
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1/2
1 - _
< 5 (I © - 5 @ ) /Ige ek ]
0o 1/2
1 " " 2 /2 1
tor (I © == @ de) ™| [ ey (64)
Since 7 € S C S, then
sup/ }ﬁe’m — 7‘72 d¢ < /sup }ﬁe’m — 7‘72 dé < const.
TES TES
0
Therefore, as n — oo it follows from (64) that
sup HAgm_jug)( ) — Agp_jul?) H — 0,

TES

[e.e]
ie. {Agm Jugf )} uniformly converges in the compact to the vector-function

Agpjul) (7). On | the other hand

sup || P (d/dr) un (1) = P (d/dr) u(7)] =

TES
2m
= sup Z Agp_julD) Z Agpjul9 ()] <
TES :
7=0

< Z [ Az s A= sup [| 4GP0 (7) — ACm=DuD) (7)]] <

< constZsup HA (2m=3) u,? W) (1) — A@m=0q,0) (7')H .

TES

Then from w, (1) € U0 (P (d/dT)u (1) =0) we get

2m

sup ||P (d/dT)u (1)|| < const g sup ”A(Qm_j)ug) (1) — ACm=3),() (7‘)“ ,
. TES
iz

TES

it follow from the convergence in S

A(2m*j)u§j) (1) — A@m=3),,() (1)
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that P (d/dr)u(r) =01ie. u(r) € Uéa). The lemma is proved.

Lemma 4.2. Let A be a positive self-adjoint operator and one of the
following conditions be fulfilled:

1) A €0,(0 <p<o0), AjA7 (j =1,2m) are bounded H and solvability

condition holds;

2) At €0, (0<p< o). Then if u(r) € Uéa), then for its Laplace trans-

formation U (A) estimation

@()\)H <const((N+1))7", A e {)\/ larg A| < g+a}

18 true.

Proof. It is easily seen that

" _ L pa — (@)
i) = 5P N 3 G 0,
where
2m—q—1
QN = ) N4
=0
and

j =

|4 j=1,3.2k—1,k=Tm
A+ (—1)72C3P A1 j =24, 2m —2,2m.

Obviously, an operator pencil p (\) is represented in the form P (\) = Py (\) +
Py (N), where

2m
Po(N) = (=NE+ A", PL(A) =Y NAspy,
7=0

and on the rays Fi(1+a) = {\/arg A = £% + a} in case 1) from the solvability
2
condition, in case 2) from Keldysh lemma [6] it follows that

sup  ||[P(A\) Pyt (V)| < const. (65)

T (5 +0)
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Therefore, from these rays

But in these identities it holds (65) and

HP&1 ()\)H < const (|/\|2 + 1)_1 (67)

< const })\2’”_1} : (68)

Thus, from (66) allowing for (65), (67) and (68) on these rays we got the

estimation
Hﬁ ()\)H < const (A +1)7".

Notice that the angle between the rays I' (5+) equals (7 + 2«). It follows
from, conditions 1) and 2) that P! ()) is a meramorphic operator-function
of order p and minimal type of order p, i.e. it is represented in the form of
relations of two entire functions of order pand minimal type for order p. Since

u (A) is a holomorphic vector-function in the domain (see [12])
)\ 7r
Sz_o = { /larg A| < B) +a}

and the angle between the rays equals 7+2a, for 0 < p < 7w/ (p + 2a) it follows

from the Phragmen-Lindelof theorem that in the sector Sz, the estimation

H?AL ()\)H < const (|]\| +1)7"
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holds.
In case 2) M.V. Keldysh theorem [6] yields that there exist the rays between
which the angles are less than 7/p and the estimation (66), (67), (68) and the

estimation
A -1
Hu ()\)H < const (JA| + 1)

hold. The lemma is proved.

4.3. The basic result

Now, lets prove a theorem on Phragmen-Lindelof principle.
Theorem 4.1. Let A be a positive-definite self-adjoint operator,
A;ATI (j =1, 2m) be bounded in H and one of the two conditions hold:

1) A€o, (0<p<n/(m+2a)) and solvability condition holds;

2) At €0, (0 <p<o0). Then, if a reqular holomorphic solution u (T) €
N w, then u () = 0.
7>0

Proof. For u(r) € U it follows that the Laplace transformation u (N
admits holomorphic continuation to the domain {\/|arg (A +7)| <3 4+ a}.

The inclusion u (1) € () (UT(O‘)) implies that ﬁ()\)is an entire function, i.e.
7>0

2m—1
it is an entire function and u N =Pt X Q,(\)u? (0), moreover u (A)
q=0
is an entire function of order p and of minimal type for order p. Further, in
the second case, we can use the Keldysh lemma and obtain that u (A) is an

entire function of order p and of minimal type for order p on all the complex

half-plane

u ()\)H < const (A +1)7".

In the first case, since the angle between I' +(2+a) in the left half-plane
2

m—2a and ™ — 2 < 7+ 2, then again from the Phragmen-Lindelof theorem
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it follows, that (\) is an entire function of order p and of minimal type for

order p and on the complex plane

ﬁ()\)H < const (A + 1)

Thus, as n — 00, U (A) = 0. Hence, it follows that u (7) = 0. The theorem

is proved.
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Chapter 111

In this chapter we give definition of smooth solutions. For a boundary value
problem we prove theorems on the existence and uniqueness of these solutions
in terms of the coefficients of the studied operator- differential equations of
higher order, moreover the principal part of these equations has a multiple

characteristic. Here we mainly use S.S.Mirzoyev’s [1] metod.



78 Rovshan Z. Humbataliyev

83.1. On the conditions of existence of smooth solu-
tions for a class of operator- differential equations on the
axis

1.1. Introduction and problem statement

Let H be a separable Hilbert space, A be a positive- definite self- adjoint
operator in H, and H, be a scale of Hilbert spaces generated by the operator
A, ie. H, = D(AY), (z,y), = (A7z, A'y), (z,y) € D(AY). Denote by
Ly (R; H) (R = (—o00,+00)) a Hilbert space of measurable vector- functions
quadratically integrable on Bochner in R and define the norm in this space by
the following way

1/2

1 o = /ﬁuum - oo,

Further, at natural m > 1 (m € N) we define the following Hilbert space

2]
W' (R H) = {u/u™ € Ly (RyH), A™u€ Ly (R; H)}

with the norm

2 m, |2 1/
lellypsrn = ([N ey + 1A )
Here and further, the derivatives are understood in the sense of the theory

of distributions [2].

In the given paper we consider the equation

P (%) u(t) = (—j—; + A2> )+ Z Ag_u(t) = f(), t € R, (69)

where A = A* > cE (¢ >0), 4; (j = m) are linear, generally speak-
ing, unbounded operators, f (t) € W5 (R; H), u (t) € Wy (R; H). Here S is
a fixed positive integer.

Definition 1.1. If the vector- function u (t) € W™ (R; H) satisfies equation
(38) at allt € (—oo, +00), then we’ll call u (t) the smooth solution of equation

(38).
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1.2. Some auxiliary facts

We prove first the following lemma, that we’ll need later on.

Denote by
P 4 (t) = —d—2 + A? " (1) (t) € Wit (R; H) (70)
0 dt U - di2 U ) u 2 ) )

Pl( ) Zf Agy_jul) u(t) € Wi (R; H). (71)

Lemma 1.1. The operator Py (d/dt) defined by equality (70), is an isomor-
phism from the space Wy (R; H) to W3 (R; H).
Proof. By virtue W, (R; H)

i )

2

2

2

17 @)l =

l2

<

Z CZA2nu(2nfq+s)

q=0

Z A=)+, (20)

q=0

Lo Lo

< const (Z HAQ("_‘J)JFSu(q)H; + Z HAszrsu(zn—qus)H;)

q=0 q=0

where C! = n(n=1)..(n-g+1) Applying the theorem on intermediate derivatives

q!
[2] we get that
1Py (dfdt) ully; < constllullyzmse,

i.e. the operator Py (d/dt):W; " (R; H) — W2 (R; H) is continuous. Let
u(t) € W' (R; H). Then we denote by Py (d/dt)u(t) = g(t). Evidently

after Fourier transformation we have

Py (—i€) 6 (€) = () or u(€) = Py (=i€) 9 (€) . (72)

By Plancherel theorem the inequality

2 2

< const, (73)
Lo(R;H)

£9(6)

+ |49 ¢

PIO]om—— ottt
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should be fulfilled. On the other hand, from (72) we have

o () e = €2+ (€2, + | 42043 ()|

Lo

- Hg?nﬂp(;l (—i€) g (g)Hl + HA?’"L“PO’1 (~i€) 9 ()

2

< (74)

Lo

A 2 N ?
i@, +sullanr ol adc)|

< sup||ex Pyt (—ig)||”
EER

In turn, at £ € R

|42 P (<ig)]| < sup |0 (—i€ — o) " (—ik +0) | =
o€a(A) (75)

= sup |o?" (&2 +02)7"’ < sup)(é—Z) <1
o€o(A) >0

and

€% pp " (—i&)|| < sup |2 (i€ — o) " (=i +0) "] =

e CT(A n (76)
= sup )52" (€% + o2 ) < sup’ <£2+02) <1
o€o(A)
Allowing for inequalities (75) and (76) in (74) we get
2 sh 2 sh 2 2
le @)z < €9 +a9@| =le@ly @
2 2

ie. u(t) € W,"" (R; H). Evidently

u f/ (—i€) 4 (¢) de

satisfies the equation Py (d/dt)u(t) = g (t) almost everywhere in R. Fur-
ther it follows from Banach theorem that this mapping, i.e. the mapping
Py (d/dt)u (t) = g (t) is an isomorphism.

The lemma is proved.
Lemma 1.2. Let the operators B; = A;A™, D; = AA; A0+ (j=12n—1)
be bounded in H, i.e. Aj € L(H;H)N (Hjys, Hy) (j=1,2n—1). Then the
operator Py (d/dt) defined by equality (71) is bounded from W3™** (R; H) to
Ws (R;H).
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Proof. Since u (t) € W3"** (R; H), then the inequality

2n—1 2n—1
1Py (d/dt) u (2[5 = ZA2 ]u”S ZASA% ]uj <
Lo (R;H) Lo(R;H)
2n—1
< 2n (Z [ Ay A A2n=iq 049 ) +
1
2n]1
+2n (Z || A® g, A7) A2y l57+9) HL> <
1
2n—1 '
<20y max ([[Ap A ||| 47 Ay, A7)
=1
< ([l O] + A0 ) (78)

holds.

Then it follows from the theorem on intermediate derivatives that

HA2n+sfju(j) 2

I3, < Killulfygoes, 42000

2
2 < Kyllullyzse,

where the number K; > 0, K;;, > 0. Allowing for these inequalities in (78),

we complete the proof the lemma. From lemmas 1.1 and 1.2 we get

Corollary. The operator P (d/dt) defined by equation (38), by fulfilling condi-
tions of lemma 1.2 is bounded from the space Wi™** (R; H) to W3 (R; H).

Lemma 1.3. The operator A?"~7 jﬁ is a bounded operator from the space W™ (R; H)

to W3 (R; H) and it holds the exact inequality

<d)

HA%*ju(j) (t) 2n,j Hpo (d/dt) u (t) HW2S(R§H)’

g oy

where dy,; = ()% (20) 5 j =T 2n— 1.

Proof. Consider in W;""* (R; H) the functional

E; (u, B) = || Poullyy; — 8| A% a9 (t) j=T2n—1

[
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where 3 € [0; d2ny) Then

(u; PO (d/dt) uHL + ||A*Py (d/dt)u||L2 B|| Aty H
2
—6HA2" Wit = |[(igy B (=g, +[am i) -
— g4z <£> ot |erarie) =
= [ (@B +a2) (@B + 42" - pe5a2) (), 0()) de =
= [ (Pmenie©.he)d
ey
(79)
where
P (3:€ 4) = (6 + ) [(sZ ) = g2 = o
80

= (€24 p2)*te [1 — [sup t2 ) > (24 p?) (1= pdy,;) >0 '

t>0

It follows from the spectral theory of self- adjoint operators that at £ € R
and 3 € [0; d2nj)

P; (8; =i A) > 0

Thus, it follows from equation (79) that at £ € R and 3 € [0 dy" ]) the
equality

E; (u; 8) = || Po (d/dt) ulljys .y — B A" ub*) >0, j=12n-1

lwscaan

holds. Going over to the limit at 3 — dﬁ;‘ we get

|4 < d

2n,j

s < A3l Po (d/de) ullyy, G =TT (81)

The exactness of inequality (81) is proved similar to the paper [1]. Thus,

lemma 1.3 is proved.
1.3. The basic theorem

Now prove the basic theorem.
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Theorem 1.1. Let A be a positive definite self-adjoint operator, the operators
Bj = AjA™, Dj = ASA;AUT (j=1,2n—1) be bounded in H, i.e. A; €
L(H;H)N (Hjys, Hy) (j =1,2n— 1) and the inequality

2n—1

o= 3" max{l| Bou |, 1 Dans [}ty < 1. (82)

J=1

hold. Then equation (69) have a unique regular solution u (t) € Wi (R; H)
at any f (t) € W2 (R; H) and the inequality

||u||W22”+S(R;H) < ConSt”fHW;(R;H) (83)

hold.
Proof. It follows from lemma 1.1 that the operator is an isomorphism

Py (d/dt):W3" 5 (R; H) — W3 (R; H). Write equation (69) in the form
By (dfdt)u(t) + P (d/dt)u(t) = [ (1) (84)
Denote by Py (d/dt)u (t) = v (t). Then equation (84) has the form
v+ PPlv=f

Show that || Py < 1. Evidently

Pyt HW;(R;H)HWﬂR;H)

2n—1
1P Ps 0l = 1Prlly < D [ Azn-gu?l <
j=1
2n—1 A 9 112 1/2
< <HA2n—ju(J+S)HL2 + }|A3A2n—j“(J)HL2> =
j=1
2n—1
S Z maX{ HA2TL*J HH2n,j—>H||A2n7j ||H2n+sfj_’H} X
j=1

y <HA2n+sfju(j)HiQ X HA2nju(j+s)Hi2>1/2 _
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2n—1
= max{|| Banjl, 1D 1} AP D
j=1
But from lemma 1.3 and the last inequality it follows that

2n—1

1P P 0lly < D7 {l1Bonsill 1 D20 13y < 1.

j=1

Thus, the operator (E + PlPO’l) is invertible in the spacelV;. Then
v=(E+PP")7f,
and
uw=Py (E+ PP f.
On the other hand

(E+ PPy)""

lollwznrsmry < 1Fo sz Fllws < const|f Iy

Ws—W3

The theorem is proved.
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§3.2. On smooth solution of boundary value problem

for a class of operator- differential equations of high order
2.1. Introduction and problem statement.

“Let H be a separable Hilbert space, A be a positive- definite self- adjoint
operator in H. By H, denote a scale of Hilbert spaces generated by the
operators A, i.e. H, = D(A), (z,y), = (A'z, Ay), (z,y) € D(A7). By
Ly (Ry; H) we denote a Hilbert space of vector- functions determined R, =
(0, +00) strongly measurable and quadratically integrable by Bochner with
square, moreover

1/2

2
T / 1f15dt ] < oo
=0

Following [2] we determine a Hilbert space W.
Wi (Ry H) = {u/u € Ly (R H), Alue Ly(Ry; H)}
with norm

2 1/2
||u||W2z(R+;H):<}|Alu}|2LQ(R+;H)+HuU)HLQ(RﬁH)) S 1=1,2, ...

Let’s consider the following boundary value problem

P (%) u(t) = (—5—; + A2>nu(t) + 221 Agp_ju(t) = f(t), t € Ry, (85)

u(0)=0, v=0,n—1, (86)

moreover f (t) € W5 (Ry; H), u(t) € Wyt (Ry; H), where s > 1 is a natural

number, A; (j =1,2m — 1) are linear in the space H.
2.2. Some auxiliary facts.

Denote by

d2n,j <2n> ( m ) ) J ,271 ) (87>
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—2n

and consider for § € [0;dy,"

) the following operator pencils
P (X 35 A) = ((—)FE +A2)"" = B (iA)>" AHJ') (N> E + AZ) . (88)

As is known, the pencil P; (A; 3; A) has no on operaturm an imaginary axis

and we can represent it in the form
7 (A B A) = Fy (A; B3 A) Fy (=X 3; A)
where

Fy (A 85 4) = (AE —wiA) .. (AE — wyy54),

Rew; <0, j=1n+s.Indeed, for £ € R = (—00,+00) and i € o () the
characteristic polynomial P; (i€; 3; ) is of the form

]Dj (va 3; A) - <(£2 + u2)2n — ﬁ£2ju4n*2j) (525 + /1’28) _

27 ,,4—275
= (€24 42) (€ + 1) [1 - BEL] > (€24 42) (€ + 1)
_ P
<[ somp]
Let’s consider the function
2

f(n) = —2

T o
(1+n2)°

Obviously, it follows from the equation f’ (n) = 0 that 2jn% ! (2 + 1)*" —
on2n (1+n)>"""n¥ =0, ie. j(14+n%) —2nm>=0or n2 = j(2n —j). Then
/

o N1/2
the function f (n) takes its maximal value at the point n = <2nj_j) . Thus

fmax(>— (27lj;j)j _ (ﬁ)y B

77 - (1+2nj7j)2n (2,’21713»)2” -

N 2n o 2n—j 2n ,
:<(§—n)2n) ((W]) 2") = dop ;-

Therefore for 3 € [0; d_2”)

2n,j

Py (i&; B; A) = (€2 + p®)™ (€% + u®) (1 - Bd2 ;) > 0.
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Thus, it follows from the spectral expansion of A that P; (i€; 5; A) > 0 for
¢ € R. On the other hand, a characteristic polynomial

Py (B p) = () + 1) (=22 4 a2)*" = B (i)Y 1] =
= ljl (A = &) (=X = &qp) [(—AQ + )™ = B (iN)¥ u4‘2j], )

where Reé, <0 (¢ =1,s), moreover & is a root of equation (—1)* A*+1 = 0.

Denote

0j (N Bip) = (=N + 1) = BNT Y, =T 20— 1.

Then, obviously ¢; (i; ;) > 0 for g € [0 d237;) and the roots of the
equation ¢; (\; B; ) = 0 are of the form A\; = pw; (j=1,2n) . On the
other hand, if \; = pw;, a root of equation ¢; (A; 5; 1) = 0 is located symmetric
with respect to a real axis and origin of coordinates. Hence it follows that if

Rew; <0 (j=1,n) then

Thus

]:1
H)\ §quH )\—wj,u):H()\—wju), wy = —1

<.
Il
—
<.
Il
—
<
Il
—

It follows from the spectral expansion of the operator A that

P (X B A) = (N 55 A) by (=X 55 A), (89)

moreover

s n n+s

Ui (B A) =T = & OE —wid) =) oy (B)NA" + 14, (90)
q=1 J=1 3=0
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where all «; () are real, Ly (8) =1, a,, (3) = 1.
Lemma 2.1.The Cauchy problem

Y (d/dt; B; A)u(t) =0
u (0)=0, v=0n—-1, (91)
u(u) (O) _ A7(2n71/71/2)g01/

for all ¢, € H has a unique solution from the space W3+* (R, ; H).

Proof. Obviously & # &, (¢ # p). Further, we prove that the roots of the
equation, 1; (A\; 8; A) =0 (u € 0 (A))are prime. It suffices to prove that for
3 € [0;dy,") all the roots of the equation (—A* + 12)°" = B (—1) X% A2 =
are prime. Really

(—)\2 +M2)2n _ ﬁ(—l)j )\23‘”411—23‘

2n—1

m (_)\2 + MZ) =3 (_1)] )\2j71M4n72j
Since 3 # 0, then

o . N
ﬁ (_1)] )‘2j,u4 2 _ (_1)]+1 52] 2%,“4 2j (_)\2 + M2) )
Hence, for 3 # 0 we have
J 9
A= — :
2n — ju

Substituting this expression into the first equation, we have

(5 +02) o1y (

2n —j

2
An—2j , 2j -2
) p Y = B = dyy )

Thus, v; (d/dt; ; A) = 0 has a general solution of the form

2n —j

n+s

u (t) = ZeTthCja Cj S H2n+s—1/2;
j=1

where 71 = &1, 70 = &9, .., Ts = &, Tsr1 = W1, ..., Tsin = W,. Here we assume
the initial conditions ™ (0) =0, v =0,n — 1 and u® (0) = A?"~2¢, we
get a system of equations

n+s

vV AV o
E T A% = &,
i=1
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where v =0, v =0,n—1: v = A2+ 120 y=n2n+s—1or

n+s
ZT;-’CJ- =A"%v, v=02n+s—1.
j=1

Having solved this system we easily get the vector ¢;. The lemma is proved.
Corollary. The coefficients of the polynomial 1; (X; B; A) satisty the fol-

lowing conditions

~ o Cony m#j
A (B) =D Cmins (B) amv; (B) =4 —B, m=
e Cy—p3, m=0,2n—1,

where

2n—1)2n—2)...2n—m +1)
m!

mo__
C2n_

The proof of this corollary follows from the expansion (89) by comparing
the coefficients of the same degress of .
Lemma 2.2.For all u(t) € W™ (R,; H) it holds the equality

2n 2n
||P0u (t) HI2/V2S(R+,H) = q;o Aq }|A2n_q+5u(‘1) Hig(R+;H) +l:20 Al HAzn_lu(H_S) HiQ(R+;H) o

(QoP, P),2n+s where

P1071 P1072...P1072n 0...0 m
P, PY,..P,, 0.0

0 0 0
P1,1-~ P1,2n—1 P1,2n

0 0.. 0 0.0
0... 0 P20,1 PQO,Qn_l P20,2n

s 0 0 P2On,2' P20n,2n71 P2On,2n
Plo=Y" (=1)"0;5.0 1<r<j<n; P° =P 1<j<r<n
g, j+vVr—v—1, J ) g, 7,0 J >~
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~ - cm q=2m
A, - 0,00, O =
e i

V=—00

Proof. Let u (t) € W™ (R, ; H).Then, obviously

2

- () | (o) o -
W dt? ) dt?

Lo

2 2

n n

— Z CZA2n72q+su(q) + Z CZA2nf2qu(2q+s)
q=0 Lo q=0 Lo
2n 2 2n 2
_ Z Qqun—2q+su(q) + Z QqA2n—2qu(q+s) (92)
q=0 Lo q=0 Lo
where
o — cr, og=2m, m=0,n
! 0, q 7 2m '
On the other, using the results of the paper [1] we have
2n 2 2n ~ 9
Z QqAQn_2q+3u(‘1) = Z A‘IHAQn_2q+Su(Q) HL2 - (ROSEO, ¢O)H2” ’
q=0 Ly 970
2n 2 2n ~ 9
Z QqA2nf2qu(q+s) — Z AqHA2nf2qu(q+s)HL2 — (Ro@s, Ps) grom
q=0 Lo q=0
where
H"=Ho . 0H, A=Y (-1)"0 054, (6,=0,5<0, s>2n),
2n V=—00

Ro=(1%,), 1<j<r<2n, @ =(A"""2400(0), v=02n—1,
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By = (A2n71/71/2+su(l/+8) (0)) ., v=0,2n—1.

Thus we proved the lemma
Lemma 3.2.For all § € [0;d,.") and u(t) € W3 (Ry; H) it holds the

2n,j
inequality

Il (d/dt; B; A) w () 3y; + (@5 (8) @s @) yanss =

2 93
— 1Ryl — B AP, )

where Q; (8) = My (8) = Qo, M;(8) = (my, (815, myr (8) = my; (B),
J <r and Qq is determined from lemma 3.2.
Proof of this lemma follows from simple calculations used in the paper [2],
definition of A; (8) and corollary of lemma 3.2.

It holds

Theorem 3.1.The operator Py, determined in the form

d2 n o
Pou(t) = By (d/dt)u(t) = <_ﬁ + A2) u(t), u(t)e Wy (R H)
o 2n+s
realzies an isomorphism between the spaces W, — (Ry; H) and W3 (Ry; H).
o 2n+s

Proof. Let’s consider the equation Pou =0, W, (Ry; H), i.e.

<—j—; + Az)nu (t) =0, (94)

Obviously, equation (94) has a general solution in the form

up (t) — e 4 [50 +tAG + .+ tn_lAn_lfn—lL §0s -y ne1 € Hopgs—1/9.

It follows from condition (95) that v =0, v = 0,n — 1, i.e. uo (t) =0. On
the other hand, it is easy to see that a theorem on intermediate derivatives [2]

yield
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2

2n
Z CZW;LLA2n—mu(m)

m=0

1 Poullys = < const |l

w3

Now, let’s show that the equation Pyu = f is solvable for all f(t) €
Ws (Ry; H), u(t) € Wi (R H). As first we consider the equation

(t), teR=(—00,+00), (96)

Ay
=
~
QL
Nt
g}
=
I
/|\
‘ Q,
no
+
o
[\
~~
3
g}
=
I
~h

f(t):{f(t)’ t>0

0, t<0

Show that equation (96) has the solution @ (t) € W2""* (R,; H) that sat-
isfies it for all ¢ € R. Really, by means of the Fourier transformation we
get

i (t) = %/ (B2 + A?) " f(¢)etde, teR.

—00

Obviously

2

+

AN
lallyznee = [[@@ [+ (|42 00 ()5 = H(—Zf)%*sfc(&)
Lo

2
2

A (s, < suplle (€28 4+ 47)
EER

H—H

’A2n (§2E+A2)_n 2

H—H

+sup
£ER

lo

On the other hand, for £ € R
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)an (§2E+A2)7n) — sup ’f% (52 +M2)*" <1
pea(A)
and
peo(A )
Therefore, it follows from inequality (97) that
2 A 2 »
n+s AS - H
e = €5+ 47O =7}

Lo Lo

Consequently 7 (t) € Wi"** (R,; H). Denote contraction of @ () in R, =
[0,00) by v (t). Then, obviously v (t) € W3 (R, ; H). Now, let’s look for

the solution of the equation

Pou (t) = <—5—;+A2)nu(t) =f(), teR,

in the form
u(t) =v(t) +e [Co +tAS + ...+ t"_lA"_lgn,l] ,

where &o,...,{—1 € Haopys—1/2. Hence we can easily find in a unique way

all &, k = 0,n — 1 from the initial conditions «*) (0) = 0, v = 0,n — 1.
o 2n+s

Since the mapping W,  (Ry;H) — W2 (Ry; H) is continuous and one- to-

one, then it follows from the Banach theorem that there exists the inverse

o 2n+s

Pyt :W3(Ry; H) »W, (Ry; H). The theorem is proved.

3.3. The basic result

It follows from the theorem on intermediate derivatives [2] that for

w(t) € W™ (Ry; H)

| A2y < COTZStHU|’%/V22”+S(R+;H)'

O
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On the other hand, it follows from theorem 3.1. that the norms ||P(]UHW22n+s (R.H)
o 2n+s
and ||U||W22n+S(R_H) are equivalent on the space W, (Ry; H) i.e.

llullyznes < [Potllygs < callullyms,  (e1,e2>0).

Then the theorem on intermediate derivatives [2] gives that the following

numbers
]if(-S) (Ry;H) = sup HA%*ju(j)(t)H

1 . —
J Lo ) lpoullyvs (ry sy, 7=1,2n—1
0Fu(t)EW, (RyiH)

W3 (R4 H

o (s)
are finite. Now, let’s prove a theorem on finding the numbers N (Ry;H),

j=12n—-1
Theorem 3.2.1t holds the equality

o (5) n.if detQ (B;{v}iy) #0, B € [0,dy
N, (R H)= 02*17J/2 ( v 0) [ 27])'

J .
Hop; N the contrary case,

where Q (R; {V}Z;é) is a matriz obtained from Q (B) by rejecting the first n
0—1/2
rows and columns, and fly, ; s the least root of the equation det Q) (ﬂ; {I/}:;é) =

0 from the interval [0, dz_f?)

Proof. In the previous section the proved that in the space Wi (R,; H)

the numbers

o (s)
N

_n

n—7j,,(J -1
i (R:H) = sup A2 ]“(J)HW;(R;H)HPOU||W223(R;H)— 25"
0#u(t)eW2" s (R;H)

Then, obviously, in the space

o 2n+s
W (R+;H; 0,2n+s—1):

- {u/u € W2+ (Rys HY, u™ (0)=0, v=0,2n+s— 1}

the numbers

o (s)
N; (Ry;H; 0.2n+s—1) =dy, ;
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then for Ve > 0 we can find such a finite function

Really, if Kr — dr

2n,j

v (t) € W2 (Ry; H)that v. (t) = 0, [t| >0 (¢ > 0) therefore

| Po (/) vl oy = (da + ) [[Asn- 09 s iy < &

o 2n+s
Then assuming o, (t) = v. (t —2N) €W,  (R4; H;0,2n — 1) we see that

1Py (d/dlt) & 3yze e, o) — (dany +€) | A 950

2n,j

[y <&, (98)

follows from the last inequality. On the other hand, it follows from lemma 3.3.

o 2n+s

that for all w €W, it holds

2 n—j. ()12
1Py (d/dt) wllfysecry iy = BIA™ 4 s o

Passing to limit as § — d;f;-” from the last inequality we get

o () .
N; (R H;0.2n+s—1) > dy," (99)

2n,5°

It follows from (98) and (99) that

o (s)

N, (R H)=d;" (100)

2n,j

o 2n+s - o 2n+s
Since W,  (Ry;H;0,2n+s—1) CW,  (Ry; H) obviously

(s) (s)

N, (Ry; H) > dy) Iﬁfj (Ri;H; 0,2n+s—1).

J 2n,j

Further, it follows from lemma 3.3 and equality (93), that

( {V}y 0%0 gp)H2'n+s > 07
then
1 (d/dt; 55 A) ullfys + Q (B {v} 32085 @) yanse = |l Poulliy —BHAQ”*"u(”HiV; >

Pagsmg to limit at the first part of the last relation w have that for all
o 2n—+s

u €W,  (Ry; H) it holds the inequality

HA2n Tu HW;(R+;H) 2n]HP0uHWS(R H)»
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i.e.
(s)

o o (s)
N; (Ry;H) < dy,';. But since N, (Ry; H) > dy,; then hence it follows

that N\ (Ry; H) = dy?; it Q (8; {v}3 ") > 0 for B € [0,d5>"). On the other

2n,j 2n,j
o (5) o (3) -
hand obviously, N, (Ry;H) > d,,'; therefore (Nj (Ry; H)) € (0;dy21).

2n,j

o (s) -2
Show that for 3 € (0; (Nj (Ry; H)) )

Q (B:{v}y ") >0.

o (5) -
Really, for § € (0; (Nj (Ry; H)) )
, o , o () -2
1 (d/dt: B; A)ulfy: +Q (ﬁ; {V}VZOQD,(,D>H2”+S > [[Poullys | 1 -8 (Nj (R+;H)> > 0.

Then, applying lemma 3.1 we get that for the solution of the Cauchy prob-
lem for all ¢ it holds the inequality

Q (B {v}i 0. ¢) >0,

o (5) -2
ie. for 3 ¢ (0; <Nj (R+;H)) ) the matrix Q (; {I/}Z;é) > 0. Thus

o (s)
N, (R H)=dy"ifQ (5 {I/}Z;é) > 0 and this means that det @ (3; {I/}:;é) +
0.

J 2n,j

On the other hand, if @ (ﬂ; {I/}Z;é) > 0 for all g € [O,dﬂfj), then
o (s)
(Ry; H) < dy" therefore N; (Ry; H) € (dy,';). Then for

2n,j

o (s)

N

j
o (s) -2 o ()
g e ( <N - (Ry; H)) ; d_2”> from the definition of the number N, (R; H)

J 2n,j

it follows that there exists such wg (t) vector-function that

. (12
1Py (afatywslfy; < o] A
2

(s

o (s) —2
Then, it follows from lemma 3.3. that for 3 € ((Nj (Ry; H)) ;%33)

I (d/dt; B; A) wslliy + (Q (5 {v}125) ¢, ¢) < 0.
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o (s)

—2
Consequently, for 5 € <<Nj (Ry; H)) ;d%?g)

(Q (B:{v}125) @8, 85) < 0.

o

-2
Thus, the A; () least eigen value changes its sign for 3y = N;s) (Ry; H)) .

Since this point is the last root of the equation det () (ﬁ; {V}Z;é) = 0, the the-
orem is proved.

Now, let’s formulate a theorem on solvability of the problem (85), (86).
Theorem 3.3. Let A be a self-adjoint positive- definite operator, the operators
Bj = AjA™ and Dy = ASA;AZUTS) (5 = 1,2n —1) be bounded in H and it
hold the inequality

2n—1
a=)

Jj=1

o (s)
o (1B 1020 ¥, (1)) <1

o (s)
where the numbers N; are defined from theorem 3.2. Then for any t € Ry
there exists a vector-function u (t) € W3"** (R; H) that satisfies the equation
(85) for all f(t) € W3 (R; H) and boundary conditions in the sense of con-

vergence

PL% Hu(y) H2n+37u71/2 -

0, v=0,n—-1
and it holds the inequality ||u||W22n+S(R+;H) < const ||f||W2S(R+;H) :
The proof of this theorem word by word repeats the proof of the theorem

from the previous section and we don’t cite it here.
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